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1 Introduction
Lecture 1 - Tuesday, January 06

In our development of quantum theory, we will focus on a set of experiments performed by Otto
Stern and Walther Gerlach in 1922, which revealed the electron possesses an intrinsic magnetic moment that
is quantized. The series of experiments that have come to be known as the Stern-Gerlach experiments were

some of the first measurements that demonstrated the foundational concepts of quantum theory.

1.1 A Classical Description of Orbital Magnetic Moment

Before introducing the S-G experiments, let’s look at the interaction of a magnetic moment with an external

magnetic field.

(I"1 H’orbital)

7%}

(m.q)

Consider the motion of a charged particle with mass m and charge q moving in a circular orbit or
radius R. From the laws of classical mechanics, we know that the particle has an angular momentum given
by

L=Jw (1)

where I = mR? is the moment of inertia of the particle, and w is the angular velocity.
We also know from the laws of electricity and magnetism that a circulating loop of current produces

a magnetic moment
Morbital = i A (2)

where i is the electrical current and A is the area vector, whose magnitude corresponds to the area enclosed
by the current, and whose direction is normal to the plane of the orbit.
If we express equations (1, 2) in terms of the circular orbit, then we can find a simple expression for

the magnetic moment in terms of the angular momentum.

L = mR%w (3)
A N
Horbital = <A;I> 7TR2Z (4)
_Wq 5o
= 27T7TR Z

where the direction Z is taken to be normal to the plane of the orbit.



1.1.1 Interaction of a Magnetic Moment with Magnetic Fields

wqR? |
Horbital = z
2
()
2m
q
Horbital = (%) L (5)

1.1.2 Intrinsic Magnetic Moment (Spin)

We see that from a purely classical description, a charged particle with angular momentum also has magnetic
moment. Interestingly, the ratio of the angular momentum and the orbital magnetic moment is proportional
only the charge-to-mass ratio, and does not involve quantities, such as the radius, that are particular to the
orbit of the particle.

The connection between angular momentum and magnetic moment, in fact is very deep. It turns
out that elementary particles, such as the proton, electron, neutron, muon, etc. have an intrinsic angular
momentum and a magnetic moment. The name given to the intrinsic magnetic moment is “spin”— the
name motivated by the classical notion of a rotating charged object, having both angular momentum and

magnetic moment.

Note 1.1. Though the term spin implies a rotating body, the particle is not physically spinning. Spin

is a fundamental property of a particle, like its mass or charge.

The intrinsic or spin magnetic moment is expressed as

Hspin = g (i) S

2m

Comment 1.1. The factor g, known as the “g-factor” is a multiplicative factor, that modifies the

classical result we found earlier in eq.(5). For classical orbital motion g = 1.

e In 1928, Paul Dirac showed that for certain class of particles, such as electrons, g = 2, if quantum

theory is made consistent with special relativity.

Comment 1.2. The relativistic quantum theory also predicted antimatter.

e In 1933, Dirac and Schrédinger were awarded the Nobel Prize in Physics for “For the discovery of new

productive forms of atomic theory.”

e In 1965, Feynman, Schwinger, and Tomonaga were awarded the Nobel Prize in Physics for their theory

of Quantum Electrodynamics (QED), which unified electricity and magnetism and quantum mechanics.

Using QED, it possible to calculate corrections to g = 2. For an electron the g-factor has been
calculated to be
g ~= 2.00231930436256(35)



Comment 1.3. This is the most precise constant of nature known.

Comment 1.4. The calculated and measured values of the electron g-factor agree to 35 parts in 1014,
This is the equivalent of measuring the diameter of the earth to the precision of the width of a hair.

This remarkable agreement is a triumph of quantum theory.

Discovery 1.1. You may have heard of the g-2 experiment in Fermi Lab, whose goal is to measure
the g-factor of the muons — a heavier cousin of the electron.

The aim of these experiments is to probe the extent to which experiment and theory agree in predicting
the muon g-factor. Discrepancies could point to theories that lie outside of the Standard Model — our

best theory describing elementary particles and forces.

For the rest of this section, I will refer to porbital s u.

In the presence of a uniform magnetic field B, a magnetic moment pexperiences a torque that tries
to make BJ|u. The torque acts in a direction that tries to lower the potential energy of . Thus, we can

express a conservative potential energy U(6).

U@0)=—u-B (6)
= —|ulB[ cos 0
with iU
=g = || = ulB|sing (7)
Comment 1.5. In vector form,
T=uxB (8)
7] = |p|[Bsind (9)
where 6 is the interior angle made between p and B.

Because U is a conservative potential, its spatial derivatives are equal to the force on pu.

F=-VU=VY(s B) (10)

Note 1.2. A magnetic moment experiences a torque, and no net force when placed in a uniform
magnetic field. If however, the field varies in space, then it will experience a force in the direction of

increasing magnetic field.

1.2 Stern-Gerlach Experiment

The S-G experiments were done to test the Bohr model of the atom, which predicted that the negatively

charged electrons moved in discrete orbits around a positively charged nucleus. Classically, a charged object



moving in a circular motion will generate a magnetic moment. This magnetic moment will interact with an
external magnetic field that varies as a function of space to produce a force. The deflection of atoms in a
magnetic field gradient would test of the Bohr model.

Lecture 2 - Thursday, January 08
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Figure 1: S-G apparatus

In their measurements, Stern and Gerlach used a beam of silver atoms produced by evaporating
silver metal from an oven. The beam of neutral atoms exited from a small aperture and were sent through
the poles of a permanent magnet that was designed to produce a strong component of the magnetic field
gradient in the z-direction. A schematic of the experiment is shown above.

Between the poles of the magnet, the spins experience a force given body

Fo= ) (557 = uleost (%)) (11)

Classically, we would expect a uniform distribution of 8 for the silver atoms exiting the oven. That is, there

should be no preferred orientation of silver atoms with respect to any direction in space.
If 6 is sampled uniformly over the range 6 € {0, 27}, then we expect the distribution like the one
shown in the figure below, with a peak at § = 90° (See Eq.11.)

1[ Setreen
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Figure 2: Classical distribution

Ci'i's-ﬁ.'bu.ﬁw

Instead, of a continuous peak having a cosf distribution, S-G observed two distinct peaks. (See
figure below)
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Figure 3: Two peaks

Discovery 1.2. The results were not consistent with the Bohr model, which predicted a continuous
distribution of silver atoms.

Corollary 1.1. The spatial quantization of angular momentum was later understood by Ulenbeck
and Goudsmit in 1925 as a consequence of the intrinsic “spin” angular momentum of the electron.
Furthermore, it was recognized much later that the silver atom as an unpaired electron in the outer
5s orbital. Since s orbitals do not have an orbital angular momentum, the total angular momentum
of the electron is from the spin.

Htotal = Mspin = g (%) S (12)

This meant that the direction of fipin had only 2 values, which could only be true if the intrinsic angular
momentum of the electron was quantized, having only two values. A measurement of the spin angular

momentum for the electron along any axis, yields two distinct values:

S. = ig (13)

Comment 1.6. The z-subscript refers to the measurement axis. The choice is arbitrary.

Definition 1.1. [Planck’s Constant]

The unit of angular momentum is called Planck’s constant:

h
h=— =1.0546 x 107 3*J.s
2

Theorem 1.1.

For an electron: 5 3
€ 9,27 x 1075 (14)

muspin| ~ m

10



Definition 1.2. [Spin-1 Particles]

We refer to particles with |S.| = % as spin- particles.

Note 1.3. Since our choice of coordinates is arbitrary, this means that the outcome of the measure-

ment would be :l:% regardless of the direction of the magnetic field.

11



2 Quantum?
2.1 The Quantum State Vector

Definition 2.1. [Dirac Notation)]

We write |+) to mean spin-up and |—) to mean spin-down. This notation is called “ket”.

Comment 2.1. You will sometimes see these notations, all of which refer to spin-up:

[+) = [+1/2) = 1) = [+2)

Note 2.1. In general, |¢)) = a|+) + b|—) where a and b are complex constants.

2.1.1 Postulate 1

Theorem 2.1. Postulate 1

The state a quantum system, including all the information you can know about it, is represented
mathematically by ket [¢).

Following the notation used by Mclntyre, we represent the S-G experiment using the following

simplified diagram.

1+

bYe)
|2 2 1
_J 160 ! - 50
Oven Ana f]’zc/

Figure 4: S-G apparatus diagram

Explaination: The diagram refers to a measurement made with the magnet oriented in the z-
direction, and 2 outcomes: S, = £7/2, corresponding to the states |[+) and |—). There is a 50/50 probability

of measuring either state.

Comment 2.2. The order of events measured at the output of the Analyzer is completely random.

12



2.1.2 Stern-Gerlach Experiment #1

124> 11 s
I+ ]

100 \—@ \ ! "“@l—$
Oven Aﬂafi'&/‘ Aﬂa//chl_

. block

Analyzer 1 prepares the beam in the |+) state with respect to the z-axis.

Discovery 2.1. If a second analyzer is placed, having the same orientation as the first, at the output
of the first analyzer, then the state of the particles is not affected by passing through the second

analyzer.

2.1.3 Stern-Gerlach Experiment #2

|+ ' )

4> 2 T 50 | o
160 J — || =22 5
ﬂl 7 /42..

Here, we prepare the state in the |+) state and rotate the measurement analyzer by 90° so that it’s

orientation is along the z-axis.

Discovery 2.2. We again find a 50/50 chance of measuring either [+)_ or |-) . We use the z-subscript

to indicate the measurement axis.

Note 2.2. We would get the same 50/50 distribution if we used the lower port (|—)) of Analyzer 1.

2.1.4 Stern-Gerlach Experiment #3

14> | 142 1+>
__I_ S0 T 25D T 125
100 \ 1-> m ’ v _‘“_7_'./ z il 1=>
soo 4 a 29 Q 125
A1 Az A

Classically, you might expect that the output of A3 should be 100% polarized in the |4) state.

13



Discovery 2.3. However, we see that the spins that exit A2 retain no information of having been
polarized in the |+) state by Al.
This is because the measurement of .S, disturbs our knowledge of S, .

Theorem 2.2.

In quantum mechanics, we cannot simultaneously know S, and S,. Measurement of different or-
thogonal components of S are incompatible, i.e., a measurement of one component of S disturbs the

outcome of the measurement of the other component.

Suppose we repeat Experiment 3, this time switching the order of the last two analyzers.

— 2| . ° & — Seo [ X
_J 1000 L SI_OZ a % 4, P_@ J \—D 25»
fo ©

Al A>

All measurements are compatible with themselves. Classical measurements do not disturb the state
of the system. Therefore, we get the same outcome regardless of the order in which the measurements are
performed. For quantum measurements, in contrast, the order can determine the outcome, provided some

of the measurements are incompatible.

2.1.5 Stern-Gerlach Experiment #4

/00 1‘ ' 3 |06

=7 A ] g B [ Y

A1 AQ'T'AS

Dot ool whick Por+ tHhe
SPin -!'al:es .

Note 2.3. We did not make measurement. You don’t make measurement, you don’t disturb the state.

This behaviour has no classical analog. However, this behaviour is consistent with the interference
phenomenon observed for waves. In particular, the fact that no particles are observed in the lower port (]—))
of A3 in S-G Exp.4 reminds us of two waves of equal amplitude that interfere destructively to produce zero

amplitude.

14



2.2 Young’s Double Slit Interference Experiment

monochfomatit
Plant wave

o 4 mevochcomatic (simg It 2re ency)
L. P’ome waye imPir?csj/ow];/:wo Shi+y,

. Tln( Ii ¥ +L(du EQCL\ S,H' 1S

- - dit) racted amd e ¢S as
?u?o\ aHIn /f ac Me?’
direcian kagfia./ wal ZronS.
Li ’r\+ ‘PQSS Screen

#L(ou&j\ +wo sh+s

If we cover one slit at a time, and allow the light from only one of the slits to fall on the screen, the

resulting intensity pattern will look the one shown below.

PaﬁUn with slit+ | open

‘ amd Shi+ 2 Closed.

2 _ Hnagelous o
E,_Pe/imm-l' J-f (:4',5)

L Pqﬁ‘cfr woth Slis 2 open

amd Slir | closed .

Each pattern by itself resembles what we would expect for a classical distribution of particles arriving
from the individual slits. If both slits are opened, then for classical particles, we would expect a distribution

like the one shown below.

o For classical ?aMicIeJ‘, +he
Fwo S,?)/e shiy faﬁ‘f{mj would |- [
add.

C lassical P/obc‘bi}/*/ olis 4 hution

Comment 2.3. For classical particles, the two single-slit intensity patterns would add.

15



Discovery 2.4. However, we observe that the waves from the two slits interfere.

Constructive interyeim
"\00( li mi’%S‘rZ L\

ab 7 th«o-ns

1

|

a—besrmcﬁvc n M/qu
— min. ligh+ inf»m;,'%/
~ Jow proloc, bil:h.
ot Photons.

Comment 2.4. The key difference between classical particles and waves is the interference phe-

nomenon observed for waves.

Physically, we interpret the intensity as being proportional to the probability of observing a photon.
The interference intensity is calculate by squaring the sum of the field amplitudes from the two slits.

The S-G Experiment 4 exhibits an identical interference phenomenon as observed in Young’s double
slit experiment. This implies that the spins that take the upper and lower paths through A2 (z-analyzer)

interfere constructively to produce all |+) spins through A3 (z-analyzer).

2.2.1 2-Slit Pattern Calculation

.Q>>Ua, ><>

1/2 of the incident wave amplitude exits from slits (1) and (2). The waves exiting each slit have a

travelling wave solution given by

AN e
a(1’2) (r(172)7t) = <2> 61(1”(1,2) t) (15)

where the wavenumber k = 27 /k, w/k = ¢, and

2 2
l2+(;+x> , T2 = 12+(Z—x)

The wave amplitude at point P is



The wave intensity at point P is proportional to the magnitute square of the total wave amplitude at P.

2
I(SC) — (A ) |eik7"1 +eikr2|2 (17)

4
A2
- ( 5 ) [1 4 cos(k[r1 — 732])] (18)
We have b
rl—rngx, 1> (h,x)
S0

A? 2mh
I(x) = <2) [1 + cos (;xﬂ
Lecture 3 - Tuesday, January 13

We can turn down the light level low enough so that there is only one photon going through the
double slit device at any given time.
According to our classical notion of reality, we think of a photon taking either one of two the paths

to reach the screen. However, according to the laws of quantum mechanics, each particle takes both paths.

If a photon (or any quantum particle) can take multiple paths to go between points A and B, the
probability to go from A to B is calculated by summing the probability amplitudes for each of the possible
paths, and calculating the square of the sum of the amplitudes. This is contrary to the classical way of
calculating probability, where we add the probability of each event separately.

Classical way of adding probabilies:
e 12 o 12
Pelassical = |0J1€Z¢1| + |a2ez¢2’

=ai + a3
Quantum mechanical way of adding probabilies:

Pquantum = ‘alei(bl + a2ei¢2|
= (a167i¢1 + a26*i¢2)(a16i¢1 + a26i¢2)
= af + a% + 2a1a9 COS((]S1 — ¢2)

interference term

If we place a device between A and B that can tell us which path the particle takes, then we
don’t observe interference, and instead recover the classical probability distribution. The act of observation

17



localizes the particle to the path where the particle was observed to be. The particle can no longer exist
in both paths, and therefore no interference takes place. This behaviour is sometimes referred to as the
“collapse of the wavefunction”. The notion of the wavefunction will be developed later in the course.

Path 1
PR el -Detector

2.3 Quantum State Vectors

We use the notation |i) to mathematically represent the state of the system, where |¢) is in a Hilbert space.

2.3.1 Hilbert Space

Definition 2.2. [Hilbert Space]
A Hilbert space is a space such that

1. it is a linear vector space (an example would be the Euclidean space);

2. it is a complex vector space;

3. it is a complete vector space, so the distance between points are defined.

Definition 2.3. [Dimension)]
We define the dimension of a Hilbert space corresponding to a particual quantum system the number

of possible measurement outcomes for that quantum system.

Example 2.1. Suppose the quantum system is spin—%, and we measure along z, y, and z. The

dimension of spin—% is 2.

Definition 2.4. [Inner Product]

Given two vectors |¢) and |¢), we define the inner product of them to be

(8ly) = (o] |4)

where (¢| == (|#))T is the conjugate transpose (Hermitian conjugate).

18



Theorem 2.3. Orthonormality of Base Vectors

Bases vectors are orthonormal. i.e.,

(+HH =l =1, (+=) = (- =0

Discovery 2.5. We have
(alp) = a* (y|

Discovery 2.6. We write |¢) = a|+) +b|—) and |¢) = c|+) + d|-), so

= (c|H) +d|-Di(al+) +b]-)

=(c"[+) +d*|-))(al+) +b]-))

= c*a{+|+) + c*b(+|-) + d*a(—|+) + d*b{—|-)
=c*a+d'b

(2l¢)

Discovery 2.7. Now suppose ) = a|+) + b|—), then its projection on one of the base vectors is
simply:
() = (+l(a[+) +b]-)) =a

where (a,b) is called the probability amplitudes. We also find that

(W) = (+H)' = (@ (+] +b (=) [+)
=a"(+|+) + 0" (—|+) =a"

2.3.2 Postulate 4 for a Spin-1/2 System

Theorem 2.4. Postulate 4 (Spin-1/2 System)

The probability of obtaining :I:% in a measurement of the observable S, of a system in the state |¢)
is

Prob (£ ) = (1)1

19



Comment 2.5. If you think back to Young’s double slit experiment, we can make a correspondence
with the probability amplitude and the complex field amplitude of an electromagnetic wave.

Eoeid’ <~ a

The intensity of an electromagnetic wave is proportional to the square of the magnitude of the electric
field amplitude. If you recall, we said that the probability of a photon hitting the screen at a given

position is proportional to the intensity of light at that position.

I =|E* = B} < |a|?

Now we have a way of calculating the probabilities, we note that it must be the case that

P(+2) (-2 -
() ()

This implies that our state must be normalized.

Moreover, we know that

Example 2.2. Given [¢) = 3|+) + 2|—), we note that |¢)) is not normalized, the way we normalize
it is by solving

(W) =1
where |¢)') = ¢|t) for some constant c. We solve for it and obtain ¢ is such that |¢| = 1/+/13. However,
it could be the case that

where € is known as the phase vector. Although in mathematics this factor matter as different values
of phase vector changes the value of our vector, it does not have any effect on the measurement we

make. In particular,

Prob = |{alu)[* = | —==¢ al 3]a) + 31
|¢>
- 5 | )
d

1 i o _ L
—13(6 d)(e d)—13|d|

Lemma 2.1. Multiplying a state vector by an overall phase factor €’ does not change the probability

of a measurement.

20



2.3.3 Matrix Notation

We represent a ket as a column matrix and a bra as a row matrix.

o) el

+H=(10),  (-I=(0 1)
(+1+) = (1 0) (;) S l=(0 1) @
(+1-)=(1 o) ®=m 1+ =(0 1) @:o

Comment 2.6. In other words, |+) and |—) form an orthonormal basis.

Unit Norm:
1

Orthogonality:

A general state |¢)) = a|+) + b|—) can be represented in matrix form as
1 0 a
= +b = .

(Wl = ()= (o= b7).

The inner product in matrix form is thus

wlv) = (o v) <b> = Jaf? + b

The inner product (¥|¢) is a measure of the square of the magnitude of the quantum state vector |1).

The corresponding bra (¢| is

2.4 Representation and Change of Basis

Lecture 4 - Tuesday, January 20

2.4.1 Basis States of the Observable S,

Given an arbitrary state |i), we know that

) =al+) +b]-)
W) =d'|+) +V'|-)

where (a,b,a’,b") are constants.
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Question 2.1.

How do I represent |+)  in terms of |4)7

o2 P ! |+>m e 25
reo = V]| 2= 5
A,

ps
° Az

Recall the experiment:

We don’t know yet the form of |+)_, however completeness requires that we can express |+), as a linear
superposition of S,-basis eigenvectors |£).

[+). = al+) +b]=)
[=)e = cl+) +d|=)

To find the set of coefficients {a, b, ¢, d}, we need to analyze the outcome of the measurements. In qunatum

mechanics, we can only measure probabilities, not the probability amplitudes.

= 2 )l =

2 _ 1 2 1

(=)l =5 ==l =5

Now we have 1
|+ (a]+) + |- = |a?> = ;

(| (al+) + |- = b]> = %

[+ (c|+) + d|=)% = |c]> = %

(= (e]+) + d|-)? = |d]? = %

lal = [b] = [e] = |d| =

Sl

The states |+), must be normalized, thus

2

o+ H)el” = fal” +[b]* =1

2
la{=1=)al” = le*+1d* =1
The states |+), must also be orthogonal, thus
o(H=)e = o=+ =0 = (a"(+[+b(=[)(c|+) +d]-)) =0
a*c+b*d=0

ac* +bd* =0
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The most general way of expressing the probability amplitudes is
a = |ale’™, b= |ble??

c=|cle”, d=|d]e”.

Using the orthogonality relationships, we find

%(eiw—a) n ei(é—ﬁ)) —o.

Note 2.4. Only the relative phase between the terms matters. The choice of phases is not unique,
therefore we must adopt a convention for picking phases. The convention used is to make the coefficient
of the |+) real and positive. Let o =y =0 = 1(1+ ei(‘s_ﬁ)) =0. Let $ =0 and 6 = 7w (again by

convention).

_ L

ﬂ(lﬂ +1=) =

() = 1-)).

= |+,

1
V2
Exercise 2.1. Following the same steps and show that

1 .
|+>y=ﬁ(|+>+ll—>)7 =)y

1

() =il-)

5

2.4.2 Change of Basis

Because the eigenvectors of S, and S, form a complete basis, we can represent an arbitrary state |¢) using

either basis.

o |9) represented in the S, basis:
[¥) =al+) +b]-).

e |1) represented in the S, basis:
W)y =a'|+), +V'|-), -

o Solve for coefficients {a’, '} in terms of {a, b}:

o = (+[Y) = (+(alH) +b]-), V' =o(-|¥)=u({-|(al+) +b]-)).

Discovery 2.8. We can organize the above into a matrix equation:

C)(m«»zukv<ﬁ
¥ A=) o=1-)) \o)

U
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Definition 2.5. [Transformation Matrix]

The matrix U is referred to as a transformation matriz. Using

1 1
[+), = ﬁ(|+> 1)) )= \/5(|+> =),
We compute:
Uil — 1 1
1 = {++) = 7(<+| + (=) |+ = ok
1 1
Uiz = sht1-) = 5 ((H+ () 1) =
1 1
Unn = 1) = 5 (0 = () 1) =
1 1
Une = hol=) = (b = () 1) = 5.

Lemma 2.2. U,_,, transforms a vector from the z-basis to the x-basis.

1 (1 1
Uz T = = .
-5 )

Example 2.3. Given the normalized state vector

1

) = —

(B1+) +1-))

(=)

in the S, basis, calculate [¢) in the S, basis.

2.4.3 Transformation Matrix

Let |¢) be a quantum state that belongs to a Hilbert space H. Let {]a,)} and {|b,)} be two complete
orthonormal bases that span H. We can represent the state |¢)) in both bases:

W) = (anlt) |an) = ZA lan)

n
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) = (balth) |bn) ZBmw

where A,, = (a,|¢) and B,, = (b,|¢) are the coefficients of the basis vectors in the a- and b-bases, respectively.
We seek to find the transformation matrix U,_,; that transforms |¢) from the a-basis to the b-basis.

Note 2.5. We note that the inner product (¢|¢) is independent of the choice of basis.
Let us express (1|¢)) by expanding the bra [¢) in the b-basis and the ket |¢)) in the a-basis:

1/’|7/’ ZZ mW’ anw) m|an ZZA B* m|an>

We can organize the above expression in matrix form:

(bilar) (brlaz) --- Ay
(W) = (Bf By ---) | (belar) (balag) --- | | A
Ua—p
|¢> — Va—b WJ>
~~ ~~
b-basis a-basis

Note 2.6. The transformation matrix U, allows us to compute the representation of the state |¢))

in the b-basis, given that we know [¢) in the a-basis.

Likewise, we can also compute |¢) in the a-basis starting from the b-basis by calculating the inverse
of Uaﬁbi

U;ib |1/’> _Ua%bU —b |¢>

~—
b—basis a-basis
W) =U.Sy [9) = Ussa [¥) -
~—~ ~—~ ~—~
a-basis b-basis b-basis
Ub%a Ua—1>b

Discovery 2.9. Conservation of probability requires that (¢|1) is independent of the choice of basis.
Therefore

(Ylv) = {Yl¥) .
—_— Y~

a-basis b-basis

= W) = Ussa ) (Ussa 19)) = @] UL, Ussa [9) -
~——

a-basis
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For the above equality to hold, we require that

Ul Upye = 1.

b—a

In general, transformation matrices are unitary, by which we mean that they preserve the norm of the

state vector and satisfy:
UUt =1, vt =1.

Since UUT = 1, UT must also satisfy
Ut=uv-"

2.5 Generalized Quantum Systems

Lecture 5 - Thursday, January 22

2.5.1 Postulates 2 and 3

Theorem 2.5. Postulate 2

A physical observable is represented mathematically by an operator {S‘x,S’y,Sz}, in general, an

operator A that acts on kets.

Theorem 2.6. Postulate 3

The only possible result of a measurement of an observable is one of the eigenvalues corresponding

to the operator A.

Comment 2.7. Note the (") superscript notation is used to signify that the mathematical object is

an operator. Most of the time, we will suppress this notation.

2.5.2 Properties of Operators Corresponding to Observables

Physical observables are represented by Hermitian matrices.

Definition 2.6. [Hermitian Matrix]

A Hermitian matrix A is a square matrix that satisfies the condition
A=At

Recall that (Af);; = A%;.

Lemma 2.3. Hermitian matrices have real eigenvalues.
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Proof. Consider the quantity A |a,) = a, |a,)
(am| Alan) — (am| AT |an) = 0.
This statement is true by the definition of a Hermitian matrix.

<am|‘4|an>_ <am|AT|an> =0

an<am‘an> (A|‘1m>)+:a:n<am‘
= (an —ay,)(amla,) = 0.

Consider the case m = n.
(an — ap){anlan) =0

Because (ap|a,) # 0, we must have (a,, — a) = 0. Hence a,, = a};, which implies that a,, € R. O

Comment 2.8. Physically, all measurement outcomes corresponding to an observable must be real.

This property of Hermitian matrices ensures real outcomes.

Lemma 2.4. All eigenvectors with distinct eigenvalues are orthonormal.

Proof. The eigenvalues {a} of a Hermitian matrix are real. We showed that

(an — ap){amlan) =0
= (an — am){amlan) =0
If a,, # am, then {(an,|a,) = 0. O

Let {]a)} be the set of eigenvectors (I will also refer to them as eigenkets) corresponding to operator

A and {a} be the corresponding set of eigenvalues.
|'(/]> = Z Cm |am>

where {c} are the set of probability amplitudes. The eigenvectors {|a)} form an orthonormal set, with
<an|am> = 5nm

We can use the above equation to calculate the probability of being in the state |a,).

2

Pn:|<an‘w>|2: :|Cn‘2'

Z Cm <an ‘am>

m

Based on Postulate 3 (2.6), we seek to find the representation of A in the eigenbasis {|a)}

A lan) = an |an)
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The operator A acting on an eigenvector |a,) returns the eigenvector |a,) scaled by the corresponding

eigenvalue a,. The matrix element are given by
Apn = {an|Alam) = {an|(Alam)) = am{an|am) = amdnm.

We see from the form of the above equation that the matrix representation of an operator is diagonal when

expressed in its eigenbasis, with the diagonal elements being the eigenvalues of the operator.

Example 2.4. Let A be an operator corresponding to an observable in a 2-dimensional Hilbert space.

A ‘a1> = ay \a1> 121 |CL2> = a2 |CL2>

121 _ All A12
A21 A22

A= A =421 =0 Ao = ao
A - (al 0)
0 a9

2.5.3 Representation of the Operators S,, S, and S,

As an example, consider the representation of the three components of the angular momentum operator for
a spin-1/2 particle.
In this example, we choose the S,—basis to represent the three operators. By Postulate 3, we know

that :I:% are the two eigenvalues for each operator.

Representation of S, in the S.—basis: We know that the eigenvectors corresponding to S, are |+).

We'’ve also seen that eigenvectors are unit vectors if represented in their own basis. Therefore, in the S,

) ()

We know that the states |+) are eigenstates of S,, with eigenvalues i%.

basis, we have

h
S.|E) = i§ |£).
We find the matrix elements of S,.

(S = (HS =5, (Se = (4181 =0,

(S2)a1 = (=S:[+) =0, (S:)a2 = (=S:[=) = —
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Representation of S, in the S.—basis: We need to evaluate the matrix elements (+|S;|+), (+]Sz|—),
(—]Sz|+) and (—|Sz|—). This requires that we know how the operator S, acts on the states |£). It’s not
immediately obvious how to compute this, since |+) are not eigenstates of the operator S,. We do know

however how S, acts on |£),, since these are its eigenstates.
h
Se|E)s = :i:§ |£) -

We further know how to represent the states |£), in the S,—basis.

1 1 1 1
|+>x—ﬁ 1 ) |_>x—ﬁ 1 .

To evaluate the matrix elements of S,, however, we need to know how to represent the S,—eigenstates |£)
in terms of the eigenstates in the S,—basis. We can apply a change of basis to represent |+) in the S,—basis.

See Lecture 5 for details.

[+) = o{+ | ) [F)e + o= | +) [)as |=) =+ | =) [H)a + o= | =) e
1 1
[+) = ﬁ(l+>m+|—>m), =) = 25 (H)a = =)a)-

Calculate the matrix elements of S,:

(#1814 = 5 (s + 1) S (1902 + 1))
= %(xﬂ +m<—|) (Z|+>w - g —>x>
=0,

(#1821-) = 5 (bt + b 1) S (142 = -2 )
= %(xﬂ +w<—|) (Z|+>w + g —>x>
_

(~18214) = 5 (o] = ob=1) 82 (14 + 1))
= 5 (d = 1) (51402 - 5100
_t

(~182-) = 3 (s = ob1) 82 (I+e — 1))
= 5 (s = 1) (51402 + 5102
=0

0 1
Therefore, S, = % ( ) .
10
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Exercise 2.2. Show that S, =

30



3 Projection Operators
Lecture 6 - Tuesday, January 27

We seek an operator formalism for calculating the outcome of a measurement of a quantum system.
Prior to a measurement, the state of the system can in general be described by the ket |¢) that is a

linear superposition of eigenvectors of an observable A.

[y = ch |an) where ¢, = (a,|v).

Recall that {|a)} is the set of eigenkets of operator A. Substitute in c,, we obtain that

[9) = (anl¥) lan)
=2 len) ((anf)) = 1 (an>A<an) %)
P,
3.1 Representation of Projection Operator

Hence, we define the projection operator
Py = |an) (an] (19)

Consider the action of P, on a state |1)).
B, 1) = lan) {an|¥) = cnlan)

Comment 3.1. How do we represent the projection operator? We have seen that the inner product,
defined as (¢|¢)), is a scalar. What is |¢) (|7 — It is the outer product.

Definition 3.1. [Outer Product]

If v is a n X 1 complex vector, then the outer product w is an n X n tensor.

W= |v) (v] = v Qv = wvol

defined as w;; = ViU;.

Example 3.1. Find the projection operators for the S, operator.

Pr= 1) (+= <;> (1 0)= ((1) 0)

o

TU>

Il
L
—~

|

Il
VR
]
~
—

(an)

—_
—

I
R
o O
= O
~
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Discovery 3.1. We note an interesting fact: the sum of all projection operators corresponding to S,
is identity.

Theorem 3.1. Completeness

We have

S Bi= ) an) (aal =1

states n states n

Proof. Consider the quantity (i|1).

(Wly) = chcm an|am Z|cn|2
=Y (WIBly) = w\ZPw

SO ann:]l. O

We can use completeness to represent operators corresponding to observables in terms of their

Al Zfl )Y {an| = Zan lan) (an] .

projection operators.

all states

A=Y an fon) (ol Q

n

Comment 3.2. Eq. (¥) is referred to as spectral decomposition of operator A.

To see how the spectral decomposition of an operator A works, consider the action of A on an

) = Z (an|) |an) = ch |an) -

n

arbitrary state |1)).

We have

Alp) = Zzamcn |am) (@mlan)
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Note 3.1. A [¢)) corresponds to a different state vector [¢').
) =D ¢ lan)
n
with ¢}, = cpa,. We note that if 1)) represents an arbitrary quantum state, then in general

Alp) = |¢') # const. |1)).

Discovery 3.2. Therefore, an arbitrary superposition of eigenstates of an operator is not an eigenstate

of the operator.

Let the initial quantum state prior to measurement be given by
i) = ch |an) -
n

The measurement produces one of the possible eigenstates |a, ). We say that a measurement of A that yields
a measurement result a,, “collapses” or “projects” |1;) to |¢f) = |an). All subsequent measurements using
observable A yield the state |a,) with 100% probability, i.e.

A |'(/)f> =A |an> = an |an> :
We express the measurement process using the projection operator corresponding to state |a,).

P, |v3) _ lan) (an| i) _ (an|ti) lan) 0
a2 [(anl¥a)l anl )]

lvy) =

The denominator in eq. (!) ensures that the coefficient of |a,) is normalized to be 1, up to an overall phase

factor. If we express the inner product
(anlt) = [{anti)| €',

then eq. (!) may be written as
[Y5) = € |an) .

Up to an overall phase factor, eq. () projects the state |¢);) to the state |a,). Since a quantum state can
at most be defined up to an overall phase factor, the states |a,) and €' |a,) are equivalent as far as any

measurements are concerned.
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3.1.1 Postulate 5 of QM

Theorem 3.2. Postulate 5

After a measurement of observable A that yields the result a,,, the quantum system is in a new state
that is the normalized projection of the original system ket onto the ket(s) corresponding to the result

of the measurement:

N

lvg) =

3.1.2 Expectation Value of an Operator

We introduce the expectation value of an operator fl, which returns the average or “expected” value of the
operator corresponding to the state |1). Consider an arbitrary state |1) expressed in the A basis.
all states
) = Z cn lan) where ¢, = (an[t)).

n

where
A= Zan |an) {an] .
n
Definition 3.2. [Expectation]

The expectation value of A for the state [1) is given by
WAl = an (Blan)(anlv)
= anl{anl)? = anlenl®.

We see that the expectation value returns the eigenvalues of operator A weighted by the probabilities.

Thus, it corresponds to the average value of the operator for a given state [¢).

3.2 Analysis of S-G Experiment 3 & 4 Using Projection Operators

We can view output ports of a S-G analyzer as projection operators that act on the input state.

The act of going through the S-G analyzer does not constitute a measurement. The measurement
process would involve putting a detector on one or both ports of the S-G analyzer to obtain information
about the state of the atom. If we place a detector on one of the ports and register the presense of an atom,

then we know the state of that atom with %100 certainty.
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[+)nn{+] [+ )n n(+[%in)
|¢>in

|*>n n<*| |*>n n<*|7/)in>

Fig. S-G Analyzer oriented in an arbitrary direction .

3.2.1 Analysis of S-G Experiment 3 Using Projection Operators

Consider S-G Experiment 3:

1’4’0!:{)
A3a N ST +|+>m>‘@\
| > P SIEYA  ETe ratvas p
‘ _Z_|+><+l x [t ot
2l Lo LI |
B DD 1D
A1 AD RN ®
A3D| e el g

Output of |[+) port of Analyzer 1:
|w1> = ‘+> <+|w>oven = |+>

Comment 3.3. The prefactor (4+[t))oven is proportional to the number of spins in the |+) state that
come out of the oven. We will set the prefactor to 1 to simplify the math.

e Output of |[+)_ port of Analyzer 2:
[Pa1) = [+), o{+|¢1)
o F[+) [H),

e Output of |—)_ port of Analyzer 2:
[tha—) = =), o —1t1)
= o{—|+) =),

e Output of |[+) port of Analyzer 3a:

[Yout)y = |+) (+]v2+)
+) (H () ),
S{HH) (e )

1) = = |+

[+ s
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e Output of |—) port of Analyzer 3a:

[Yout)e = |=) {—[t24)
= =) (=1 (o) 14, )
1

= o) (e |2y =5 1-)

e Output of |+) port of Analyzer 3b:

[ou)a = ) (+li-)
= 1) (= 1))

= = 4) G )
= [(H=)el” ) = 5 1)

e Output of |—) port of Analyzer 3b:

[Gous = |=) (~l2-)
= =) =1 (= 1))

1
= o= (=)o |9 = =5 1)
Probabilities of measurement outcomes:
1. Probability to exit in the |+) port of A3a:
1
Pl = |<+|wout>1‘2 = Z

2. Probability to exit in the |—) port of A3a:

—_

P, = |<_|wout>2‘2 = Z

3. Probability to exit in the |[4+) port of A3b:

—_

Py = [{+|thou)s|” = 1
4. Probability to exit in the |—) port of A3b:

P4 = |<7|wout>4‘2 =

P

3.2.2 Analysis of S-G Experiment 4 Using Projection Operators

Consider S-G Experiment 4:
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1

————— /\/\——\
I_’ 2 ] . L0 LN (M2ext) +150 -0 14
_l |—> (;Ll—@ ’“)At(’\ /
A2
Al A
*——% 4142 14> = |
5 L1 en ————lﬁ— P
=< | A= =0 @)

If you recall, in S-G Experiment 4, both outputs of A2 are sent into A3. We found that if we did not
measure either output of A2, then the probability amplitudes for each of the two paths through A2 added
constructively to produce 100% probability of exiting the |+) port of A3.

This result comes out naturally using the projection operator formalism.
e Output of |[+) port of Analyzer 1:

1) = 1+)
e Output of Analyzer 2:

2) = (14)s ol + 1=)p 1) li0)

= (1) o]+ 1= of=1) [4)

1

=+
Comment 3.4. Note, I've used Completeness in simplifying the above expression.

e Output of |+) port of Analyzer 3:
thst) = [+) (+leb2)

=+ [+)
= [+)
e Output of |—) port of Analyzer 3:
lths—) = =) (=lb2)
= (=l 1=
=0
Probability of measurement outcomes
1. Probability to exit the |[4+) port of A3:
2
Py =+ =1
2. Probability to exit the |—) port of A3:
P_=0
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3.3 Expectation Value of Operators

We wish to consider the average value of an observable corresponding to the operator A when performed on
a particular state [1)).

We know from Postulate 3 (2.6) of QM that the measurement will yield one of the possible eigenvalues
of the observable with probability (Postulate 4 (2.4))
|2

P, = |<an|¢>

where {|a)} represent the eigenbasis of A. The new state after measurement will be (Postulate 5 (3.2))

W) = lan)

Each measurement projects or “collapses” the initial quantum state [¢)) to one of the eigenstates of A.
Therefore, to determine the original |1)), we must repeat the measurement many times and determine
the probabilities for each outcome. This means we need many identical copies of |¢) in order to reconstruct
it.
From the distribution of measurement outcomes, we can reconstruct the original |¢)) up to some
overall phase factor.

We express the state i) in the eigenbasis of operator A.
) = ch lan) -
n
We denote the average or “expected” value of the measurement of A for the state ) as (A).

<A>:anan (1)

The average value of A for the state |t) is equal to the sum over all eigenvalues {a} of A multiplied by the

corresponding probability of measurement.

(A =" an |(anle))” (2)

<A> :Zan|cn|2 :Zan <w|13n\¢> (3)

where P, = |a,) (an| is the projection operator for state |a,) (See Page 29). Using spectral decomposition
(3.2), we express operator A using projection operators.

all states

A= Z an |an) (an| (4)

n

Inserting eq. (4) into eq. (3), we find that the expectation value of operator A for state [¢)) is

(A) = (p|Alp) (5)
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Note 3.2. The expectation value of an operator for a particular state is a physical quantity. Therefore,

it cannot depend on our choice of basis for expressing [i)).

3.3.1 Root-Mean-Square (RMS) Variation of Measurements

Consider the expectation or average values (S,) and (S,) in the |£) basis.

(£S5, ]£) :ig<i|i> _ ig.

(Hs14) = (41 (5 14 o = 5 10 1) 1)
=5 (5) tH#. =19, =0

(-1851-) = =1 (5 4 o = 510 1) 1)

=5 (5) 1. 19, =0

Discovery 3.3. We see that the expectation value of S, for the states |£) is zero. We know from S-G
exp. 2 that if we prepare a state in a eigenstate of one component of the angular momentum operator,
then make a second measurement along an orthogonal direction, we obtain a 50%/50% probability of

measuring spin up or down. Therefore, the average value of the second measurements will yield zero.

Lecture 7 - Wednesday, January 28
Definition 3.3. [Root-Mean-Square (RMS)]
The RMS value of a set of measurements of operator A is defined as
AA = +/((A-({A))?)

Proposition 3.1. We have
AA = \/TA%) — (A)?

where (A?) is the expectation value of A2
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Example 3.2. Consider the RMS deviation for measurements of S, for the S, eigenkets |+).

h2
2 _
(o] 82 k) = =

= AS. = /(|52 %) - (]85 [+)* =0

Recall that AS, is the average distance between a particular measurement of S, and the average value
of S, for a collection of measurements performed on a the states |+). Because, each measurement
yields the same result, either +% or fg, the variation between measurements is zero.

h
(+|S; |[+) £ AS, = 5i()

h
(—IS: =) £ AS, = —2£0

Example 3.3. Consider the RMS deviation of the operators S, and S, for the states |+). We have
found that (| S, |£) = 0. Likewise, you can also show that (£|S, |£) = 0.

To calculate AS, and AS,, we need to calculate (S2) and (S7).

There are at least two equivalent ways of calculating expectation values. Previously, I used the spectral

decomposition of of S, to calculate (S,). We can use this approach again to calculate S2:
h h
Se = o [+a) (hal - o |-a) (~al,
h h h h
2 —_— — —_— — — — — —_— — J— —
52— (5 Hob (ral = 3 1-a) (a1} (§ o) thal - 3 1-a) (al)

h? R?
= o IT2) (talta) (+a] = 7 [+2) (+2]-2) (2]

h? B2
-7 —x) (—z|+z) (+xz| + T |—x) (—z|—x) (—z|
h2 h2
= Z(|+x> (+z| + |—z) (—z|) = T 1 (Completeness).

We can also calculate S? using the matrix representation of the operator:

52_1201 01_71210_;121
T4\1 0/\1 0 4 \o 1 4

The expectation value (| S2|£) = -

AS, = /(182 ) — (2[5, 1) = L.
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Example 3.4. We likewise have for the operator S,

55:7120—@' 0—¢:§1o:£21
4\ 0/ \i 0 4 \0 1 4

The expectation value (+|S2 [+) = %2.

88, = /(2152 1%) — (], 12)° = 2.

These set of results demonstrate something very basic and profound about QM. Namely, we cannot
simultaneously determine measurement outcomes for two non-commuting observable with arbitrary accuracy.
If we determine the state of one operator, e.g., S, with zero uncertainty, then a second measurement in an
orthogonal direction, e.g., S; or S, is uncertain. In the next lecture, we will derive a rigorous relationship
that quantifies this uncertainty relationship
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4 The Uncertainty Principle
Lecture 8 - Tuesday, February 03

We have seen that we cannot simultaneously determine measurement outcomes for two incompatible
observable with arbitrary accuracy. If we determine the state of one operator, e.g., S, with zero uncertainty,
then a second measurement in an orthogonal direction, e.g., S, or S, is uncertain.

In this section, we will present a general relationship that quantifies this uncertainty.

We notice that if two observables are incompatible, then the order of measurements produces different
outcomes. Recall for example SG-Experiment 3, where switching the order of the second and third = and z
analyzers produced different outcomes.

We know from everyday life that certain types of operations do depend on the order in which they
are applied. Take for example 3D rotations. You may have noticed that if we rotate an object about two
different axes, the final configuration of the object depends on the order of the rotations.

Example 4.1. See the following picture

R, (ml2) ;’ ?R,(fnfz;

rd
”
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#

P mm-py
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e
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by

J’ -
X X
z S z z
: i
1 1
1 (|
i ;
1 Ly
i i
I Rilm/2) R, (w2) R N
J —_— -~ N
- S
r o Pl
"_r ;"r’ .”l’
X X

Consider a rectangular slab which we first rotate by 90° around the z-axis followed by a 90° rotation
around the z-axis. Now, compare the final state of the object having first rotated it by 90° around

the z-axis followed by a 90° rotation around the z-axis.

Definition 4.1. [Commute]

If the order of operations of two operations produces different outcomes, we say that the operations
do not commute.
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Definition 4.2. [Commutator]
We quantify the commutativity of operators A and B by calculating the commutator. Here, for

example, A and B could refer to operators corresponding to rotations around two different axes.
(A, B] = AB — BA (1)

where the square bracket [] is the commutator.

Discovery 4.1. Notice that the commutator for the same operator is zero: [fl, A] =0.

Let’s calculate the commutation relations for the spin-1/2 operators.

[Sz» Sz] = stz - SZS:L’
CRr2f(o 1\ (1 o0 ({1 0\ /(o0 1
"4 \1 0o/\o —1) 4\o —1)\1 o
om0 -1 0 1
"4 (\1 o) \=1 o0

Note 4.1. Notice [A4, B] = —[B, A]. Therefore [S., S;] = ihS,.

Exercise 4.1. Show taht [S,, S.] = ihS.,.

Exercise 4.2. Show taht Sy, S.] = ihS,.

4.1 The Uncertainty Principle in QM

Theorem 4.1. Uncertainty Principle

1
AAAB 2 o [([4, B])| (5)
where AA and AB refer the measurement uncertainty obtained for observables A and B for a particular
state [¢). ([A, B]) is the expectation value of the commutator [A, B] calculated for the state |1)).
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Example 4.2. Suppose the state [¢)) = |+) is prepared to be in an eigenstate of the operator S,. We
then perform a measurement of either S, or Sy.

If the particle is in the state |+), then the expectation value of S, is (+|S.|+) = Z. Because the state
|+) is an eigenstate of S, there is no uncertainty associated with the measurement of S, therefore
AS, =0.

However, for the state [+), the observables S, and S, both have uncertainty of measurement outcomes,
given by AS, = AS, = %

For the right hand side, we know that [S;, S,] = ihS;, so

1 1.
S 1CH (82, S,] 1] = 5 iR (+] 52 [+)

40

so the inequality holds as equality.

We see that we cannot simultaneously know all three components of the angular momentum. In fact, when
we determine one its components, the other two become uncertain.
Although we can only measure one of the components of S with certainty, we can determine the

magnitude of the vector.

S§?=5.§=52+82+52 (6)

We can show that the square of any component of the angular momentum operator is proportional to the

identity operator.

h2
S$:Z1L ZZ{[E,y,Z}
3h2
2 _ R
S“ = 1 1
L V3h
15 = =1
This yields us that
[S%, 8] =0 (7)

Note 4.2. The magnitude of the spin angular momentum is longer than its projection that can
be measured. We cannot think about the spin-1/2 angular momentum as pointing in a particular

direction.

44



5 Density Operator Done Right

5.1 Pure and Mixed Ensembles in QM

So far, our discussion of QM has dealt with describing particles in a definite quantum state. If we are given
a collection, or ensemble of such particles, then we can describe all members of the ensemble with a common
state vector. However there are instances where the ensemble is described by a collection of particles in
different quantum states. For such ensembles, there is no one state vector that describes the ensemble,
therefore we need to expand our formalism to deal with such ensembles.

If you recall, we said that the atoms exiting the oven in the S-G experiment where unpolarized, that
is if we sent the beam of particles into a S-G analyzer, we would measure a 50%/50% distribution of spin-up
and spin-down particles regardless of the direction in which we oriented the S-G analyzer.

If we place a S-G analyzer in front of the beam exiting the oven, say along the z-direction, then the

state of the particles exiting the analyzer is either spin-up (|+)) or spin-down (|—)).

Definition 5.1. [Pure Ensemble]
We refer to ensembles in which all members of the ensemble have a definite polarization as pure
ensembles.

Definition 5.2. [Mixed Ensemble]

Members of the ensemble are represented bt a statistical admixture of states.

In a pure ensemble, all members of the ensemble have a common state vector
) = Z Cn lan)
n

Note, with the appropriate unitary transformation, we can always transform to a basis in which the state
|t)) may be expressed in terms of a single ket |¢)) = |b,) in some other complete basis {|b)}.

In contrast to pure ensembles, there is no single ket that describes the state of a particles coming out of
the oven in the S-G experiment. Such unpolarized states are described as a statistical admixtures of pure

ensembles.

Question 5.1.

How do we operationally distinguish mixed ensembles from pure ones?

Imagine we are given a beam of particles of an unknown polarization, and we are asked to identify whether
they belong to mixed of pure ensembles. How would we figure this out?

We have a S-G analyzer with which we can measure the state of the particles along any direction in space.

Suppose we orient the analyzer in the z—direction and we find a 50%/50% distribution of spin-up and spin-
down particles. This is certainly consistent with having an unpolarized distribution, however the particles

can also be in either the |£) state, for example and produce the same distribution.

To identify whether the particles belong to a pure or mixed ensemble, we need to rotate the S-G analyzer over
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all angles in space. If we find that the there is a direction in which we only get spin-up or spin-down, then
the particles belong to a pure ensemble. However, if we find that we get a 50%/50% distribution regardless
of the angle, then the particles belong to a mixed ensemble.

Comment 5.1. To be clear, a completely unploarized ensemble is referred to as being fully mixed. In
reality, we rarely deal with systems that are fully mixed or completely pure. In real-world experiments,

we are usually dealing with ensembles that are a mixture of the two

5.2 Density Operator

A systematic way of working with both types of ensembles is by introducing the density operator p.
For the state |¢)) = > ¢, |n), consider the probability of measuring the state |m).

Py = [(m|y)[?
= (m|y) (m[y)" = (m] [¢) (| [m)
Rr—/
p
Definition 5.3. [Density Operator]

We define the density operator corresponding to a state ) as p:= [¢)(¢].
| Comment 5.2. For a pure state, the density operator is equivalent to the projection operator.

| Lemma 5.1. p is a Hermitian operator.
Proof. We verify

pij = (ilpli) = (i) (¥l5)
5= ((lal)" = (Gl (Wli))”
= ()" (WliY* = (wlj) (i) = (i) (@) = pi;
as desired. 0

Proposition 5.1. The trace of the density operator for a pure ensemble is equal to 1 for any complete

basis representation.
Proof. Let |1) have normalization (|¢) =1, and p = [¢)(¢].

w(p) = 3" i = S (ilpli) = (i) (Wl

K2 2

= Z<¢|z‘> (i)
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Recall that we know by completeness

Sl =1

Therefore tr{p} = (¢|1|v) = (P|) = 1.
o

Proposition 5.2. For pure states, p© = p.

Proof. The proof is simple, we have

P* = ) (Wl ) (¥l = 1) (] = p

as desired.

Corollary 5.1. For pure states, tr(p?) = 1.

Proposition 5.3. Given a state [¢), the probability of measuring the state |¢) is

Prob. = [(g[y)|* = tr{P,p}

where Py = |$)(¢| is the projection operator for the state |¢).

Proof.
tr{Pyp} = Z<ilp¢ﬁ\i> = Z<i|¢><¢|w> (¥]2)
= <<;|¢> Z<¢Ii><i;>>
= <¢>|w><1;|¢>> = [(gl)*.
as desired.

Proposition 5.4. The expectation value of operator A for the state [v) is

(W|Aly) = tr{Ap}.

Proof.
WIA) =D (i) (A1) wsing 3l =1
= i<¢|ﬁ|w> (i) l
= imﬁﬁm = tr{Ap}
as desired.

47



Example 5.1. Use the density matrix formalism to calculate (S.) and (S,) for the states |£).

mmm@ﬂl®gg>
o 9 9)-of )

ﬁ-=PWﬁ=G>@ Q:<82)
ewwwzﬂwm}=n{26 ﬂ)@ 3}:n{

stw=ﬂwmﬂ=ﬂ{ze ?)G 9}:%{26 9}:0
A {0 —i\ [0 0 h (0 —i
cisn=msa =25 (0 5) (o 1)j i (o 5}

Note 5.1. When calculating Tr{/lﬁ}, both A and p must be represented in the same basis.

| S
VR
o O
=)
—
~
—
I

|
[l

Exercise 5.1. Calculate (+,|Sy|+,) using the density operator p = |+,)(+,| in the S, basis.

While density operators can be used to calculate expectation values for pure ensembles, they are
especially useful for calculating mixed ensembles. For a mixed ensemble

5= Puln)(wl
A
where P, is the probability that a member of the ensemble is in the state [¢y), so >, P, = 1. We know that
pij = ZPk (@ vn) (Pr5)
k
Hence
Te{p} = pu= D D Pulildw)(uld)
i ik
=D Py (Wl il
k i
- %:Pk (Wrlibr) = %:Pk =1.

1
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Proposition 5.5. For mixed ensembles tr{p?} < 1.
Proof. We have
Te{p?} = Z zk: Ez: PPy (il i) (hrevhr) (i)
= Zk: Xl: Pe Py (Y |r) Z<¢z|i><i|¢k>

((r )

=D > PPkl
k l

From the Cauchy-Schwarz inequality, we know

(rlor) (iln) > [(Wrlr)]? = [(Wrlyn)? < 1
—— N —

1 1

ZZPkB|<¢k|¢l>|2§1 = Tr{ﬁ2}§1
l

k

Note 5.2. This is an important distinguishing feature of mixed ensembles. Given a density matrix,

we can determine if it corresponds to pure ensemble by calculating Tr{5*}.
Pure Ensembles: Tr{p*} =1

Mixed Ensembles: Tr{p?} < 1

Lecture 9 - Thursday, February 05
Example 5.2. Consider the density operator
.1 1
p= 3+ + 51X

Show that this density operator corresponds to a mixed ensemble. Show that the density operator

corresponds to a mazimally mixed ensemble.

Solution. For the first part, we have

1/1 0\ 1/(0 o\ 1 1
h= = z =21 =1
r 2(0 0>+2<0 1) 2 A

1 1 1

For the second part, we think of a maximally mixed ensemble as one in which there is no preferred polariza-

and hence

tion. Therefore, if we orient the S-G analyzer along any direction in space, we will always get a 50%/50%
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distribution. To see if the ensemble described by p is fully mixed, we calculate the expectation value of the

angular momentum operator in the n—direction.

h cos sin @ e~
Sp = = )
2 \sinfe® —cosh

T L AR L

2 \sinfe® —cosf | 2

We see that (S,) = 0 for any direction, therefore the spin state is completely unpolarized, or maximally
mixed. O

Example 5.3. Consider the density operator

1 1
P:§ |+><+|+§ ‘_>ww<_‘

Conceptually, we can think of composing an ensemble of spins that corresponds to p by constructing
a holding chamber that collects the output of two S-G analyzers, as shown in the figure below.

\ Holdiw \ 0
B<\}_k@/LJ~L =1

The holding chamber creates an equal mix of particles in the |+) and |—), states, i.e., if you reach
into the holding chamber and grab a particle, you are equally likely to get a spin in the |+) or |—),
state.

Show that this density operator corresponds to a mixed ensemble.

Proof. We know that

Note that Tr{p} = 1. We wish to show that Tr{p?} < 1.

Lo 13 -1\ (3 -1\ _
P\ 1)\ 1) T

so clearly Tr{p?} = 3 < 1. In addition, we calculate (S,):

R Ao 1\1[/3 -1 )
(Sz) = Tr{S.p} =Tr{2 <1 0) 4 (-1 1 )} T
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Note 5.3. The expectation value (S,) for the state p can be thought of as

_>l) <_I|SI|_1>

(Sz) = Prob.(|4)) (+|Sz|+) + Prob.(
1 0 1

Wl

Therefore (S;) = —

sl

Exercise 5.2. If a measurement of S, is performed, what is the probability of obtaining % and —%?
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6 Midterm Review

Exercise 6.1. Consider a quantum system described by a basis |a1), |a2), and |as). The system is

1 2
i) = 7 la1) + \/g|a2>

Find the probability that the system is measured to be in the final state

initially in the state

1471 1 1
[vy) = 3 la1) + NG laz) + 76 las)

Proof. The probability is given by

Prob = |(y;]y)]?

14
V3
= (_L \/E 0) 1
NG 3 \{5
=
_9°
9
as desired. 0

Exercise 6.2. Consider a 3 dimensional ket space. In the basis defined by the orthonormal kets |1),

|2), |3) the operators A and B are represented by

a; 0 0 by O 0
A=|0 a © B=10 0 b
0 0 as 0 b O

Find the eigenvalues and the corresponding eigenvectors of the operators.

Proof. Standard computation. O

Lecture 10 - Tuesday, February 10

Exercise 6.3. The probability of obtaining S, = % is 90% and the probability of obtaining S, = %

is 20%. Using this information, determine the state of the particle up to an overall phase factor.
Solution. We know that
[(+1)[* = 0.9

and hence we can take (by convention) a = 1/0.9. Recall that our state, denoted as [¢)) = a|+) + b|—), has
to be normalized, so we must have |b|?> = 0.1. This tells us that b = |ble?. From the second information, we

know that )
1 .
— (1 -1) (V)] =02 = 009" - ) =06
\/5 b —_——
=2isin 6
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Solving for 6 we get § = —7/2, and hence
[¥) =V0.9]+) —iv0.1|-)
as desired. O

Exercise 6.4. Determine the matrix representations of S, and S, using the eigenstates of Sy.

Proof. What are somethings that we know? In the basis of S,, we know

R{l1 0 R {0 1 h
Sz—2<0 _1>7 Sz—2<1 0)7 Sy—§
In S, basis, we would have
R{l1 0
=3 (0 —1)

and this can be easily verified via the change of basis method. Similarly, we can also compute S, this way.

g _ ( (+1 82 14, y<+|sw|—>y>
S ), w18 ),

Now compute these inner products in the z-basis to get .S, in terms of the y-basis. It is possible to convert

the [+), in terms of the z basis to make the computations easier. Another way to do it is to let:

1 (1 1
U=—
The matrix with |&), as its columns, then what we want is U~1S,U and U71S,U. Note U~ = UT. O

Lecture 11 - Thursday, February 12

In class midterm today
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7 Time Evolution of Quantum States
Lecture 12 - Tuesday, February 24

So far we have not discussed systems that change in time. We will now develop a theory for how
kets evolve in time, similar to Newton’s laws of motion.

We know classical systems subject to external forces evolve according to Newton’s law F=ma. In
QM, the Schrodinger equation plays the the equivalent role to F = ma in describing the time evolution of

the quantum state |¢).

Comment 7.1. The first important point to keep in mind is that time is treated as a continuous

parameter in QM. There is no operator that corresponds to time.

How does a ket change in time? We need an operator that transforms a ket at one time to a ket
at a different time. Let’s use the approach we developed for rotations to construct an unitary operator that
translates a state by an infinitesimal amount of time. Let’s first review the properties of the infinitesimal

translation operator.

7.1 Infinitesimal Transformations

Operators corresponding to observables, such as angular momentum, linear momentum, position and energy
all generate transformations of states in Hilbert space. Angular momentum, for example rotates kets. We
will see later that the linear momentum operator will produce translations, and the energy operator will
produce a translation of states in time. We can build continuous transformations by applying a series of
infinitesimal transformations.

The infinitesimal transformation operator has the basic form
Ule) =1 —ie@G

where G is a Hermitian operator corresponding to the particular observable in question, e.g., angular mo-

mentum, and ¢ is the infinitesimal quantity, e.g., d¢ for the case of rotations.

There are two reasons for choosing U(e) to have this mathematical form.
o First, we require that lim._,o U(e) = 1.

e Second, U(e) should be unitary, that is, it should transform a state without changing its norm.
Another way of saying this is that it should conserve probability. We therefore require that
UUt =1:

UUT = (1 — ieG)(1 + ieGT)
=1+ieG —ieG + 2G?

We see that terms of O(e) cancel. Neglecting terms of order O(€?), UUT = 1, as required.
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7.2 The Hamiltonian

Let the state of the system at time ¢ be [(¢)). We define a unitary operator U(t + d0t,t), which translates
the state [1(t)) in time to |(t + dt)).

U(t+dt,t) = 1 — iQdt (1)

where Q = QF is a Hermitian operator.
We need to identify the physical observable that corresponds to the operator €.

Discovery 7.1. We note that Q) has units of frequency. We recall from the Planck-Einstein relation-
ship in quantum theory that energy and frequency are related E = hw. From classical mechanics, we
also know that the Hamiltonian H generates evolution in time. # is equal to the total energy of the

system. It is therefore natural to associate {2 with the total energy of the system.

H
0=" @)
We rewrite eq.(1) as ’
Ut +6t,6) =1 — ’?t 3)

Note 7.1. It is important to note that H can be time dependent. In eq.(3) we are considering H(t),

i.e., the Hamiltonian at time t.
Applying the U(t + 0t,t) to |1(t)) we obtain
U(t+6t,t) [1(t) = [4(t + 6t))

(1= ) ) = pote-+ a0y

= [0} + L uy o+ o)

H [(t)) = ih 5 [p(1) ()

7.2.1 Postulate 6

Theorem 7.1. Postulate 6

The time evolution of a quantum system is determined by the Hamiltonian or total energy operator

H(t) through the Schrédinger equation
d
th— [¥(2)) =H(t) [¥(2)) (5)

The spectrum of allowed energies of a quantum system corresponds to the eigenvalues of the Hamil-
tonian {E}. The corresponding eigenvectors {|E)} are referred to as energy eigenkets. We will begin our
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study of the Schrédinger equation first considering a time-independent Hamiltonian.
H(|En>) =Ep |En>

The Hamiltonian is a Hermitian operator, therefore the basis eigenkets form a complete and orthonormal
basis.

In the energy basis, the operator H is diagonal

E, 0 0
0 E; O
H =

0 0 £Es

We can represent any time-dependent state [1(¢)) in terms of the energy eigenvectors.

() =Y ealt) | En)

Note 7.2. Important: For a time independent Hamiltonian, the basis vectors are time independent.
The time dependence of |i(t)) enters through the the coefficients ¢().

Solve for the time dependence of a particular ¢y, (t).
S ea®)1En) = H Y () B
RTA -
iny" &n gy = > ¢nEn |Em)

de,
ih — (EL|E,) = cmEm (EL|En,
3% BB = Y (BB

6k,,, 6k'm,
dck
ih— = ¢, F
? dt CrLug
d
der _ Bk 4
Ck ih
1By,
Inc, = — t + const.

ck(t) = e (t = 0) exp{—iExt/h}

() = Y eal0) exp{—iEnt/h} |E,)

Proposition 7.1. For a time-independent Hamiltonian, the time dependence of of |1)(¢)) is equal to

the sum of energy eigenkets multiplied by a time-dependent phase factor.
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Example 7.1. Suppose we start from an energy eigenstate of the Hamiltonian [¢(0)) = |E,,). Cal-
culate |1 (¢)), and the probability |(1)(0)[+(t))|? that the system remains in the original state |1(0)).

1 (0) exp{—iEpmt /h} | Epn)
[{20(0) [4(0)) |*

[(t)) = ¢

2=1
lem(0)?P=1 = ¢,(0)=1

) 2
(@ (0)[D())|* = lexp{~iEmt/h} (Em|Em)|” =1

We see that the time dependence of an energy eigenket is through the time-dependent phase factor
exp{—iE,,t/h}. As we have noticed before, an overall phase factor does not affect the probability.
We refer to an energy eignestate as a stationary state, because a system that starts out in an energy
eignestate remains in that eigenstate. Let’s consider a system that starts from a state that is not an

energy eignestate.
1%(0)) = c1(0) | E1) + c2(0) | E2)

In general, |1(0)) is not an eigenstate of H.
H |¢(0)> = E101(0> |E1> ar EQCQ(O) ‘E2> 7é const. |’(/J(O)>

From the time-dependent state eq.(7) we derived, we can immediately write the expression for the

[1h(t)). We define the angular frequency w, := £=. Let ¢, := ¢,(0).
[%(t)) = c1(0)e™""" |En) + ca(0)e™"=" | En)
Let’s calculate the probability that the system remains in the initial state |¢(0)).
. 2
( . *) Clefzwlt
a oc A
1 2 cngszt
_ Hcl |2e—iw1t + |62|26_iw2t}2

= |er|* + |ea|* + |Cl|2|02|2(6i(w27w1)t + efi(“’zf“’l)t>

[ (0)())]* =

= |e1|* + |ea|* + 2|e1]?|e2|? cos[(wa — wi)t].

Suppose we start from a normalized state where [c1|? + |ca|? = 1, and let |c1]? = |ea|? = 3.

OO = 5[1+ cos [(w2 — wn)e]

If the system does not start from an eigenstate, the probability evolves in time. What is the expectation

value of the Hamiltonian?
) . iw ClEle_iwlt
WO = (et czeiont) ( )
CQEQ@ 2
= Eila1|? + Eafeaf
= P(Ey)E, + P(Es)Es

where P(FE,) is the probability to measure energy E,,.
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Note 7.3. We note that the expectation value of the Hamiltonian is time independent, as it must.
We see that, while the superposition evolves in time, the probability that the system is in states |E1)

or |Ey) is stationary.

7.3 Spin Precession

In this lecture, we will treat the dynamics of a spin in a static magnetic field using the quantum mechanical
formalism.

Before we delve into the quantum problem, it is instructive to consider the dynamics of a classical
magnetic moment ji in the presence of a uniform external field B to help build our intuition. Recall the
relationship from classical mechanics between angular momentum L of a rotating body and the sum of all

the torques T acting on the body.
dL B
I
Discovery 7.2. This relationship is analogous to the relationship
dp =
b A F
i = 2

for linear motion.

Recall that a uniform magnetic field produces a torque
7=[xB.
Also recall that i and is related to the spin angular momentum s

T Ai)g

H=9 (2m
The Landé g-factor is a dimensionless number. For an electron spin g =~ 2. ¢ is the charge of the particle,
and m is the particle mass.

We can use the relationship between (i and S to express the torque equation only in terms of a single
physical observable

—

B o roixB=g(;L)5x B

Y
where 7 is called the gyromagnetic ratio. For an electron spin,
-1.6x 107 C
e X2 =1.76 x 10'* (s-T)~!
7 (2-9J1x1031kg> (5-T)

Ye
— =~ —28 GHz/T
2T Z/
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The classical torque equations are

ds L
- B
o v (S x B)
dii 4
2 _— ~(iix B
o v (i x B)

Lecture 13 - Thursday, February 26

To see the dynamics generated by the magnetic torque, consider a magnetic moment /i that is initially canted
by an angle 6y with respect to B.

B = B2

=

o

o Initial state at ¢ = 0:

fi(t = 0) = p[sinby & + cos by 2]
e Fort>0:
fi(t) = p[sinO(t) cos @(t) & + sin 6(t) sin ¢(t) § + cos O(t) 2]
where, in principle, 6(t) and ¢(t) can be time dependent.

. g 2
(o) -
dt Y HX Kz Hy Mz
0 0 B
s VB iy
Loy =B pa
fiz 0

We have three (coupled) first order linear differential equations.

Note 7.4. Note that we have used the compact dot notation

foy =2

to indicate the time derivative.

If we first consider the equation for .,
f1. =0 = fsinf =0

59



We must have § = 0, therefore 6(t) = const. = 6.

Discovery 7.3. The only time dependence is therefore through o(t).

Next, let’s consider the equation for p,:

fra = 7B py(t)
— ¢ psin Oy sin p(t) = v B psin Oy sin o(t) =
p=-B
p(t)=—oB t+p(t=0)
~
wo

Definition 7.1. [Larmor Frequency]

wop = vB is the Larmor frequency.

With ¢(t = 0) = 0, we express the time dependent fi(t).

fi(t) = p|sin fp cos(wot) & — sin O sin(wpt) § + cos by 2}

Y
A A
. v>0
B =Bz P N
e N
il mi _ ’ N
P T = 4 N
N - 4 A
~—_ - , \
________________ / \
/ \
i ! \
; 1 } > 7
1 1
\
\ o(t)
\ /
\ /
0 \ N
0 ()
>~ T

A classical spin precesses around the static external field at the Larmor frequency. Note that v can
be positive or negative depending on the sign of the charge of the spin.

Comment 7.2. For positively charged spins, like protons, which are also spin-1/2, v > 0 and the

precession is clockwise. For electrons, that carry negative charge, the precession is counterclockwise.

7.4 Quantum Mechanical Spin Precession

We start by considering the Hamiltonian of a spin-1/2 particle in a uniform magnetic field.
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We know that there are only two projections of S n, (:I:%), that can be observed for any direction 7 in space.
Therefore, there are only two values of energy, corresponding to the two spin projections in the direction of

the applied magnetic field B = Bh.

fiwg fiwg
Ey=—— E,=— 2
0 2 ) 1 2 ( 0)
E1 = /J,B
EO = —/JB
The energy difference between the two states is
B
AE =By, — By = (”)h:mB:woh
2m
_gah _h
P=m ~ 2

Let’s consider the situation of a time-independent, or static, external field B = Bz applied in the z-

direction. The Hamiltonian for this problem is
H= —UJOSZ
Note that the energy basis is the same as the S, basis since the Hamiltonian is just proportional to S.,.

H:_hw(l O)
2 0 -1

Hl+) = Eol+)
H|=) = Ei]-)

We can express any state that is a linear superposition of the energy eigenkets |+) as

[¥(t)) = c1 exp{—iEot/h} [+) + ca exp{—iExt/h}|-)

_ Cleiwot/2 |+> + Cze—iwot/2 |_>

Let’s determine the dynamics of a spin in a uniform external field. We do so by calculating expectation

values of S for an arbitrary superposition i (t)).

B Cleiwot/2 _fa
|¢(t)> - (Cze—iwot/2> T <b>
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Expectation value (S.):

NSt

(lal* = )

| St

(le]® = |e2l?)

Note 7.5. Because the energy is conserved (H is time independent), the average energy, i.e., (H) is
time independent (conserved).

Because [S;,H] = 0, it means that (S,) must also be conserved.

Expectation value (S,):

= g(a*b +b%a)
= hiRe{a"b}

— hRe{c’{e_Wot/Q 026—1w0t/2}

=|hRe{cjcoe ™"}

Expectation value (S,):

(018, (0) = (@ b)Z(O ‘O’) (‘g)sz ) (‘f)

= hlm{a*b}

Il
/‘I\
IS

*
SH
+
SH
*
S
=

_ hlm{c*{e_motm CZG—zwot/2}

= hIm{cy{ch_i“’Ot}
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Example 7.2. Consider a spin initially polarized in the z-direction: (¢; =1, ¢o = 0).

V(1)) = e™ot/? |+)

Z —

A B =Bz

A O =1+
[$(0) = [+) et

. > y

Since [1(0)) is an eigenstate of the Hamiltonian, it corresponds to a stationary state.

equs. (2), (3), (4) (S,) =

7.4.1 Ehrenfest’s Theorem

Theorem 7.2. Ehrenfest’s Theorem

The expectation value of quantum observables obey classical laws.

Note 7.6. The dynamics that the expectation value of S exhibits is the same as that of a classical

magnetic moment precessing around a uniform magnetic field.

7.5 Magnetic Resonance
7.5.1 Time-Dependent Hamiltonian for Magnetic Resonance

In this lecture, we will consider the dynamics of a spin-1/2 particle in the presence of a time-dependent

magnetic field El(t) applied perpendicular to the static external field

B = Boz + By(t).

—

By (t) = By (cos(wt)Z — sin(wt)g) (21)

—

B (t) represents a circularly polarized magnetic field that rotates in the clockwise sense. The spin Hamilto-
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nian is now time dependent

—

_ﬁ.B:_ﬂg.gz_yg.g
2m

X
—~
~
=
Il

= —wpS: — w1 [cos(wt) S, — sin(wt)S,]

where wyg = 7By and w; = yB; and v = 297(1
m

H(t) = f% <; _01> _ %cos(wt) <(1) é) + %sin(wt) (3 _0’>

WZ‘Z( 2 “’) (22)

wie —Wo

We can calculate the time dependence of state |¢(t)) by solving the time-dependent Schrodinger equation

(SE).
I (0) = HO() (23)

To do so, we express |1(t)) in terms of time-dependent coefficients and substitute into the SE.
c(t)
[¥(t)) =
ca(t)
% él h wWo wle“"t C1 h woC1 + wlei‘*’tCQ
1 = ——= . = —— 3
o 2 \wie ™t —wy Co 2 \wie e, —wpe

We need to solve two coupled differential equations

dCl 1

T 5(@0001 + wlei‘“tcz)
% = %(wlefmcl — wgcz)

We can proceed to solve these equations directly, however the math involves a lot of algebra and is not very
illuminating. The direct solution to the problem is also worked out in McIntyre.

Instead, I will outline another approach which is a bit more sophisticated, but far more widely used
and informative.

7.5.2 Rotating Frame Transformation

Through a suitable reference frame transformation, we can transform the time dependent Hamiltonian into
a time-independent one. We can then solve the eigenvalue problem for the time-independent Hamiltonian,
and immediately write down the time-dependent solutions for arbitrary superposition of energy eigenkets.
The key thing to notice about this problem is that if we transform into a reference frame that is
rotating at frequency w (the frequency of the time-dependent magnetic field) about the z-axis, then the

applied field appears stationary.
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This transformation is referred to as the Rotating Frame Transformation, and is widely used in atomic
physics and magnetic resonance to transform the time dependent problem to one that is time independent.
We will refer to the stationary reference frame as the lab frame. This is the frame in which the applied
field is rotating at frequency w. We will refer to the reference frame that is rotating about the z-axis at
frequency w as the rotating frame. We will transform between these two frames via a unitary transformation
of coordinates.

Let |¢1) be the state in the laboratory frame, and let |1)g) be the state in the rotating frame. We
can relate these two states to each other through a unitary transformation U, with UUT = 1.

[vr) = U |[YR) (6)
[Yr) = Ulyr) (7)

We seek to find a unitary U that transforms #(¢) into a time-independent Hamiltonian.

4

ih
"t

UU )] = () UUL i)
1 1

o d
ih=|U )] = HO U [vr)
L dU —
ih— [Yr) +ihU - [r) = H(t) U [Yr)
Multiply both sides of the previous equation by UT.

[Yr) = UTH(U |¢r)

=

aU
ihUY = i) + ihU ?

d dU
ihoy [VR) = {UW(t)U - iﬁUTdt}lwm

Hr



We define the Hamiltonian in the rotating frame

Hp = UTH(t)U — inot Y

. d
ih— [YRr) = Hr|YR) (9)
Lecture 14 - Tuesday, March 03

We seek to find a U that makes Hp time independent.

In the rotating frame, the time-dependent field should be static. Therefore, we wish to transform
into a frame that is rotating clockwise about the z-axis at the same frequency as the time-dependent magnetic
field By (t).

Recall from our discussion of continuous rotations that a counterclockwise rotation around the z-axis
by angle ¢¢ was given by

Ul(go) = e~ 105 /h _ —idoo/2 (10)

with o, := %Sz.
To find a matrix representation of eq. (10), we use the result: (A proof is provided in the lecture on

continuous rotations)

e~ 107=/2 — 1 cog @ — 10, sin @
2 2
@

_ cos(%)—isin(%) 0 B (e—i¢o/2 0 ) (1)

0 cos(%) —&-isin(%) B 0 eito/2

Let ¢9 = —wt (clockwise rotation):

U(W) = ( 0) (12

Let’s see how this unitary transformation works. We started out with an initial state |[+),, and found that

e}
(@]

S
©

in the presence of a static magnetic field Byz, the state precesses in time.

oL () = % (14) + 0t )

We can view this state as precessing clockwise around the z-axis.

In the frame that rotates clockwise around the z-axis at frequency wg, this state should appear

eiWOt/Q 0
U(wot) = < 0 eiwot/2>

stationary.

66



We use eq. (7) to transform the lab frame state |11, (¢)) to the rotating frame.

Wr) = UlpL)

B 1 efiwgt/2 0 1 B 1 efiwgt/Z

- V2 0 eiwot /2 e—iwot | \ﬁ e—iwot/2
—3 2

_¢ t\;;t/ (1) _ e_i“‘)t/2|+>z

We see that, up to an overall phase factor e~*?/2 which does not affect measurable probabilities, the state
|1/}R> = |+>’E

We can likewise use eq. (6) to transform from the rotating frame back to the lab frame.

[¥1(t)) = UlYr)

1 eiwot/Q 0 1 1 eiwot/Z
= ﬁ 0 efiwot/Q 1 = ﬁ efiwot/Q

iwot/2 it
\/§ (\+>+e |7>)

We will now use eq. (12) to evaluate the rotating frame Hamiltonian given by eq. (8).

i e—iwt/Q 0 wo wleiwt eiwt/2 0
UMHU = - . . .
( ) 2 < 0 ezwt/2> (wlezwt —wy 0 efuut/Q

woeiwt/Q wleiwt/Q
wlefiwt/2 7w067iwt/2
wWo w1
w1 —Wo

—iwt/2 ; iwt/2
gt U g (0 Y (e )
dt 0 ezwt/Q 2 0 _e—zwt/Z

__fw (10
2 \0 -1
h wo w1 hw (1 0
Hp=—= +—
BT <w1 —w0> 2 (0 —1)

_ _E wy — w w1
N 2( w1 —(wo—w)> (13)

We introduce the detuning parameter A := wy — w, and express the Schrodinger equation in the rotating
frame.

e

n
2

Eq. (8) becomes

d h (A
i |VR) = —5 (wl j’;) r) (14)
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H__%lO_@Ol
E=7 o -1 2 \1 0

|Hr = —AS. —wiS, | (15)

The Hamiltonian in the rotating frame corresponds to a magnetic moment in the presence of an effective

magnetic field that is stationary in the rotating frame.

Bu=254 % (16)
Y v

Mo = —2Bug -3 (a7

Hr=—7 Hiﬁ ’ Sn (18)

In eq. (18) the operator S, is the spin-1/2 operator in the f-direction, where i refers to the direction of the
effective field.

_ 1
A= Bg.= HBCﬁ ‘ = 2\ A2 42
Beff v
%
A / |
El P
6 |
I > XR
w1 /7

In the rotating frame, the field in the z-direction is proportional to the detuning parameter A = wy — w
rather than wg. On resonance (w = wy), the field in z-direction vanishes.
We can express the rotating frame Hamiltonian Hp in terms of the eigenkets of the operator S,,.

The |+),, basis is the energy basis in the rotating frame.
0 0
[+)n = cos(2> |+) + sin<2> [—) (19)

= =sin(5 ) 143 = cos 3 ) 1) (20)

68



In the |£),, basis, Hpr has the same representation as the operator S, in the |£) basis.

h ~(1 0
Hr = —5 /A% + o] (O 1) (21)

h hw
Helt)n = =5\ A2 +wi [+)n = -

[\

h
Hil=)n = 51/ A2 + 67 [ 1= T ) (22)

We can express the Schrodinger equation in the rotating frame in the diagonal basis |£),.

d hwe {1 0
ih— =— 23
ih= [Vr) 5 <0 _1> Yr) (23)
A general time-dependent superposition is thus
[YR(t)) = cre™t/2|4), + cpee!/2| ), (24)

In the next lecture, we will use this result to study the spin dynamics.

7.5.3 Transition Between Two States

Question 7.1.

Suppose initially that there is only a static external field By, and the initial state is |¢(0)) = |—). If
we turn on a time-dependent field

Bi(t) = By (cos(wt)x — sin(wt)y)

What is the probability of making a transition from |—) — |+)?

\.

To answer this question, we need to first express the initial state in the energy basis |£),,.

[(0)) = (I+n) (+al + [=n)(=nl) [:(0))

a=(tnl=);  ca=(=nl-)

_in(? — cos(?
C1 = sIn 2, Coy = COS 5

on(0) =sin () =214} - cos (§ ) o2, (29
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The probability to be in the state |+) is

Py = [(+[vr(®)]?
sin(a) €2 (4] ), cos<9> emiet/2( 4|y
2 " 2 "

sin 0 cos 0 eet/2 _ cos 0 sin 0 e iwet/2
2 2 2 2
.2 ) wet
= S 9
sin” @ sin ( 5 )

We can express sin? f in terms of the components of the effective magnetic field.

2

2

wf

A? + w?

gl ()
1
2

| - costan)

sin? =

Hence we have

We see that we can make a transition from the |—) to the |+) state with probability P(— — +) = 1 provided
that A = 0. The time that it takes to make the transition between the two states is determined by the Rabi

Figure 5: Resonance lineshape

frequency. We define the Rabi frequency for A = 0, w, = wy. For A = 0, if we apply a resonant pulse for a
time
71'
T = —)
w1
then the spin will make a transition between |+) and |—) states with P = 1. Such a pulse is referred to as a

m-pulse.
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7.5.4 Arbitrary Unitary Control

Let’s evaluate the state of the spin in the rotating frame for the case of resonant rf excitation (A = 0). For
A =0, the angle that describes the effective field is § = 7/2, and eq.(10) and eq.(11) become

) = () +1-) = 1 (26)

= =—(+) = 1)) =1-)a (27)

S-S

R(®) = <= (12| 4), — e t/2)-),,) (28)

V2

Substituting eq.(26) and eq.(27) into eq.(28), we find, up to an overall phase factor,

on(t) =sin (3°) 1)~ cos (30 1) (20)

N

|omlt = Z)) = 1+)

et = 0)) = |-

Figure 6: Bloch sphere representation of the state trajectory.

We see that in the rotating frame, the state precesses around éeg.
By changing the length of the rf-pulse, we can rotate the state vector from the |—) state to any point
along the longitudinal line. For example, by applying the rf pulse for a time

T
Tr/2 = 2T;1’

we rotate the state from |—) to the state |—),.

Such a pulse is called a 7/2 pulse, which creates a particular coherent superposition of states |—)
and |+) corresponding to the state |—),.

We can create arbitrary trajectories on the Bloch sphere, by controlling the direction of geﬂ. One
way to do this is to vary 6, which we can do by changing the resonance offset A. A second way is to add a
phase offset ¢ to the applied rf field.

Bi(t) = B (cos(wt + ¢)& — sin(wt + ¢)7) (30)
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The state vector that corresponds to the rotated El(t) is

on(0) =sin( 5 ) 1) —ie~ cos(( ) 1) (18)

Discovery 7.4. Thus, by changing both the resonance offset and the phase of the applied rf field,
the state vector can be controlled over the entire Bloch sphere.
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8 Quantum Mechanics in the Position Basis
Lecture 15 - Thursday, March 05

We will now develop a quantum mechanical description of the motion of a particle subject to an

external force. We would like the quantum mechanical version of Newton’s Law
F= md,

which describes the classical trajectory 7(t) of a particle of mass m subject to an external force F.

In the classical description, we often start by considering a conservative force
F=—-VV(7),

where V(7) is the potential energy. In one dimension, we express the total energy F of a classical particle

moving in a time-independent potential V(x) by

p
av
=p<p+) =0
X
av
F=p=——
dz

Comment 8.1. Just as Newton’s Law allows us to calculate the trajectory of a particle or a system
of particles, we will see that the Schrodinger equation will allow us to calculate the evolution of a

quantum state in space and time.

8.1 Position Representation

So far, we have dealt with a finite Hilbert space, in which there are a finite number of possible measurement
outcomes, such as £h/2 for the spin-1/2 system. We would like to extend our formalism to an infinite
dimensional Hilbert space.
In particular, we would like to treat position as an operator, whose eigenvalue corresponds to the
position of a particle.
i) = al) (1)
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where

Z := position operator
|z) := position eigenvector
p

x := position eigenvalue

Here, the position eigenvalue x € (—o00, 00) runs over all one-dimensional space.

8.1.1 Normalization in the Position Basis

Unlike systems that have a discrete spectrum of eigenvalues, the position operator has an infinite number
of eigenvalues. This distinction has important consequences, especially when it comes to normalization.
Consider an arbitrary superposition

) =D (wilep)|z:) (2)

?

Let’s normalize [¢)):

W) = (Wl (@ile)

=3 Il

There is a problem with this approach. In a finite range x € [¢/, 2’ + Ax], there are an infinite number of

states, and an infinite number of terms in the sum:

@le) = (&' [9)]* + (&' + dz|p)|* + - + [’ + Az|y)|?

If the probabilities |(z|i)|? are non-zero, then even if they are small but finite, the sum over an infinite
number of terms means that (i|¢) diverges.
We can fix this issue by carrying out the sum such that the probability to occupy a finite range in

2 remains finite, while the probability to be in any particular position eigenstate is zero.

Lemma 8.1. The key point is to redefine the completeness criterion for an infinite dimensional Hilbert

space.

—00

Syl=1  — / o) (x| da = 1
Expand (t]t) in the position basis.

i) = | [ loitelds| 1) 3)

— 00

wior = [ el as (4)

— 00

We interpret |(z[1)|? dz as the probability for a particle to be in the region = € (2/, 2’ + dx).
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Note 8.1. The quantity |(z[))|? is therefore a probability density, and has the units of inverse length
(m1).

Notice that the probability of finding the particle at a particular position vanishes, provided that the prob-

ability density at that position remains finite.

Probability of being at position x :
m |(z|)[*dz — 0

li
dx—0
By introducing the probability density, we overcome the divergence problem we encountered earlier for a

discrete basis.

Definition 8.1. [Wavefunction)]

We introduce the wavefunction:
Y(z) = (z|y) (5)

() is a complex function of z.

In order for the state |1)) to be normalizable, we require that

wiv) = [ " al)]? de

—0o0

= [ k= ©)

Physically, the normalization condition states that the probability of finding the particle over all space is 1.

Proposition 8.1. The probability of finding the particle in a particular region x € [z, x2] is

P(IZZl,IL’Q) = /aj2 |1/)(;1;)|2 dx

1

(0]



Example 8.1. Normalization

In the following example, we consider the wavefunction

0, x <0
2
Y(x) = Asin(}i), 0<z<L
0, x> L

To normalize the state we require

fes) L
| wara=a2 [ sin2(27£x>dsc—1
—00 0

Using
L
2 L
/ Sin2<m) der = —,
0 L 2
we obtain
L 2
A2 (=) =1 = A=4/=.
() :
Thus the normalized wavefunction is
0, z <0
2 2
Y(z) = ,/Lsin(zx> , 0<z<L
0, x>1L

8.1.2 Inner Product

Lemma 8.2. We can use the completeness relationship to calculate the inner product of two state

vectors [¢) and |¢) in the position basis.

oty =@ [ ool e o ™)

— 00

= [ tolaitate) as ®)

_ /_ " 5 @)(@) do 9)

8.1.3 The Dirac-Delta Function

Let’s use the completeness relationship to express a position eigenket |2’) in the position basis.

1]z') = /Oo (x|2') |x) dx

— 00
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The function (z|a’) has the property that if we integrate over all z, it is zero for all values except 2’/. This
function is called the Dirac-delta function

§(x —2') = (z|a’).

Comment 8.2. The Dirac-delta function is analogous to the Kronecker-Delta function we used to
express the orthogonality of basis kets in finite dimensions.

Proposition 8.2. The Dirac-delta function has the following properties:
/ Sz —a)de =1 (10)
(oo}

[ 5@ — ') f(z) de = f(z') (11)

8.2 Operators of Position

Consider the action of the position operator on an arbitrary state.
oo
oy =s [ dola)(ale) 12)

:/jo da (z]v) 3]) (13)
= /_OO dx (x| z|z) (14)

We see that we can replace the operator # with the eigenvalue x if we expand |¢) in the position basis.

In fact we can replace any operator that can be represented as a power series of Z, as a function of
x by expanding |¢) in the position basis.
A= Z an "
n

A = [

/00 dz (z|y) zﬂ:anx"\x)

— 00

and then we have

3

da (2) 3 a4, fo)

3

As a result,

A — Ax)

7



W) = | " dz () Alz) (' |2)

— 00

(@'|Alyp) = Ay (a’)

8.3 The Momentum Operator

Here are some key results in this section:

p— —ih%
o) = [ dol) |=intalv)

d"ip(x)

dx™

(@p" ) = (=ih)"

(BIp" ) = (—ih)" / dz ¢*(2) LY

dac"

(z|plz’) = —zh% 5z — ")

8.3.1 Infinitesimal Translation Operator

The goal of this lecture is to derive a representation of the momentum operator in the position representation.
Let’s start by considering the operator of infinitesimal translation.

The operator T'(Az) translates the position eigenstate |z) by Az to |z + Ax).
T(Az) |z) := |z + Az) (1)
Let’s compute the effect of 7'(Az) on an arbitrary state |1)).
[¥') = T(Az) )
—7(80) [ do'|)(a'|0)
— [ ax'e' + ) a'l)
Redefine: ' — 2’/ — Az = /da:' |2 (2" — Axz|y)
Hence we have
(ol = [ d’ (ala')a’ ~ Aly)

= /da:’ §(x — ") {a' — Ax|p)
— (& Aoly)
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As a result, we derived that

Note 8.2. Note, §(z) is an even function: §(z) = §(—=x).

/dx'5(x —2) f(@') = f(x)
[’ — ) 1a') = i)

Discovery 8.1. T'(Az) translates the state [¢)) by Az, where |¢) is the translated state.

Thus, we must have

(Yly) = @'|[¥")
= (YIT"(Az)T(Az)[4)
= 1T (Az)T(Az) =1

Proposition 8.3. We have the following properties:
1. T(Az) is unitary.
2. T(Az) must also satisfy

lim T'(Az) — 1.
Az—0

As we've discussed before, we can satisfy these two requirements by constructing the infinitesimal

translation operator to have the following form

T=1-iKAz (3)
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where K is a Hermitian operator. Applying the unitarity requirement to eq. (3), we find

THAz)T(Az) =1
=1 +iKTAz][1 —iK Az
=1+iAz(KT - K) + O((Ax)?).

The term of order O(Axz) is zero since KT = K. Considering Az to be an infinitesimal quantity, in the limit
Az — 0, we can neglect terms O((Ax)?).

TH(Az)T(Az) = 1.

Proposition 8.4. T has the property
T(Az)T(Azy) = T(Azy + Axy)
Proof. We have:

=  T(Az)T(Azg) = 1 —iKAx][1 — iK Az
=1—iK(Az; + Axs) + O((Ax)?)
~1—iK(Azy + Axs)
= T(Azy + Axs).

as desired. O

We know from classical mechanics that momentum p' is the generator of translation. Therefore, it
is reasonable to associate K with the momentum operator p. However, we know that K must have units of
(m~1), because KAz is dimensionless. The constant of proportionality between K and p turns out to be .

[A(:

S

ip Ax

T(Az) =1 (4)

We are now ready to calculate the representation of p in the Z—basis.
We start by expanding |¢) in the Z-basis using the completeness relationship. We then use the
relationship T'(Az)|z) = |z 4+ Az).

T(da)|u) =1(2a) [ dofo)aly)
— [ dolo + Aa)alu)
— [dsla)(a - aalw)
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Taylor series expansion of (x — Az|¢)) around the point x:

(o~ Aalg) = (k) — Az () + O(Ax)?) +
~ (al) — Aa(al)

T(80)lw) = [ dele) |(alv) - o el ®)

8.3.2 Representation of the Momentum Operator in the Position Basis

Next, we once again calculate T(Ax)h/)), this time using eq. (4) to relate T to the momentum operator p.

By equating this result with the previous result (eq. (5)), we determine a representation of p in the Z—basis.

P(Aw)) = [ ”’A“’] 1)
- / dalo) | talv) - Awd@cw
~ Az / dola) o x|w
Simplifying the statement above, we find
o) = [ dela) |=in . tolo)] (©)
(alpl) =~ (afs) = ~in T @

Eq. (7) is a key result: it states that the position space representation of the state p[¢) is equivalent to the
differential operator —ih-L acting on the wavefunction ¢(z).

We can therefore associate the operator p acting on states in the z—basis with the differential operator
fih% acting on functions of z.

. o d
P —zh% (8)

We can use eq. (6) and eq. (7) to derive several key results:

1. The matrix element of p for two arbitrary states |¢) and |¢). From eq. (6):

— <¢‘/dm|x> (—m;i) (x|1/1>> (9)
- /da: (¢|z) (—m d ) () (10)

o fasw

2. From eq. (7):
dry

dzn’

(z[p"|) = (=ih)"
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3. From eq. (11):

Am S\ * d"
@l"10) = (-in)" [ door (@) 7 (13)
4. The matrix element of p for two position eigenstates |z) and |z'). From eq. (7):
(alple’) = —in - (al')
dx
__d /
= Zhdxd(x x'). (14)
8.3.3 Position and Momentum Commutation Relationship
We know that T'(Az) does not commute with & because |z) is not an eigenstate of T'(Az).
T(Az)|z) = |z + Ax)
Question 8.1.
What is the commutator [z, T'(Az)]?
Solution. We have
&, T(Ax)][¢) = 2T(Ax)|¢) — T(Az)E|y)
— () [ dofo)aly) - (80t [ dofo)ale)
= /dw (x + Az)|z + Az){x|y) — /dm x|z + Az){x|p)
= /dm x|z)(x — Ax|) — /dw (x — Az)|z){x — Az|)
= Am/dm |z)(x — Az|).
Taylor expansion:
d
(o~ Arly) & (o) — Az (a])
x
Hence
o F d
0 T(Aa|v) ~ A [ dole) |(alo) - A (alv)
d
= Az [ dala)alo) — O(80)) [ dela) - alu).
Neglecting terms of order O((Ax)?),
(3. (@)} = As [ da fa)(2}o) = Aaly).
Therefore,
(2, T(Az)] = Az (15)
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as desired. O

Furthermore, we can find that

2, (1 —iKAz)] = Az
[2,1] — iAz[#, K] = Az

Since [Z,1] = 0, we find that

—iAz]#, K] = Az
and
(2, K] =i
Using K = %,
[2,p] = ih (16)

Note 8.3. We see that & and p do not commute. This has many important implications, as we will

discover.

8.4 Infinite Square Well Potential

Lecture 16 - Tuesday, March 10

8.4.1 Hamiltonian in the Position Basis

Now that we have developed a theoretical framework of the Hilbert space in the position basis, we will now
introduce the representation of the Hamiltonian operator in the position basis.

Recall that the Hamiltonian corresponds to the total energy of a particle. We express the total
energy of a classical particle as the sum of the kinetic and potential energy

E= p—m + V(x) (1)

where, m is the particle mass, p is the particle momentum, and V' (z) is the potential energy as a function

of position.

Note 8.4. This expression is valid provided that the particle is moving substantially slower than the

speed of light.
To express the energy of a quantum particle, we simply replace the physical observables in the

expression of energy with the corresponding quantum mechanical operators.

The Hamiltonian that corresponds to the total energy is

Taking the position representation, we compute
1 5 N
(IHIY) = 5= (@lp?9) + IV (D))
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Using the position representation of the momentum operator

d
5— —ih
p ¢ dr’

we obtain
7 ()
2m  dx?

Since V(£)|2') = V(')|2’), this becomes

-Hw/mv@mwﬂw

B d(x)

T T om  da?

+/mwu%mwww

Using the orthogonality relation
(zla) = d(x — '),

the integral simplifies to

h dP(x)

C2m da?

Hip(z) == (z[H[p) = + Vi(z)p(z) (3)

Given a time-independent potential V(z), eq.(3) let’s us calculate the wavefunction v (z) that corresponds
to a fixed energy E. Said more precisely, we can use eq.(3) to calculate the eigenfucntion v (z) of H that

corresponds to a total energy F.
H(z) = Ey(x) (4)

Eq.(3) is extremely powerful. Given a potential energy, such as the electrostatic potential that an electron
experiences from the nucleus of an atom, we can calculate the wavefunction of the particle experiencing that

potential.

Comment 8.3. The square of the wavefunction gives us the probability density, i.e., the portability
of finding the particle in some region of space.

For the case of an electron around the nucleus, eq.(3) let’s us compute the orbitals corresponding
to discrete energy states. Our knowledge of material science, condensed matter physics and chemistry, all
start from a microscopic understanding of how electrons behave in the presence of different atomic scale

potentials.

8.4.2 Infinite Square-Well Potential

We will start our study of eq.(3) by considering one of the simplest forms of V(z). Consider the infinite
square-well potential, which consists of a region of space spanning 0 < z < L where V = 0, and an infinite

potential outside this region.

o <0
Vi@e)=<¢0 0<z<L (5)
© x>0L
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The potential is defined piecewise into three regions. We will find the solution in the three regions separately,
and connect the solutions using the continuity of the wavefunction across the two boundaries.
In each region, we seek a solution of the form

h? d?q,
Hgala) = 30 4 V() = Boale) ()
d*po 2
Cle 2B ViJa(a)
Poo o, 2 2m
e = Ky K= (B Vil (7)

where o = (1,2, 3) refers to the region, and kq is the wavenumber (k = 27) that describes the variation of
the wavefunction, and V,, is the potential in region «.
The general solution to eq.(7) has the form

Do (f) = Aaeikaw + Baeiikam

where A, and B, are constants to be determined by boundary conditions.

By combining eq.(6) and eq.(7) we find a useful relationship.

h2k2
5 Ga(2) + V() da (1) = Eda(z) (9)
m N——
o~ P.E.
2 27.2
Po _ hRG
KE =% = 1
2m 2m (10)
po = hk, = particle momentum in region « (11)

The relationship between p and k is general. Namely, in regions of space where the particle momentum is
large, the wavenumber is also large, which means that the wavefunction has a shorter wavelength and varies
more rapidly in space.

Note 8.5. If the particle momentum is small, the wavefunction varies more slowly in space.
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We will always assume that the energy E of the particle is finite. Therefore, in regions (1) and (3)

2m
ki(21,3) = ﬁ[E — ‘/(1)3)] — — Q0

In general, if k2 < 0 (E < V), we can express k as
k = |k|.
In this case, eq.(8) has the form
bo(x) = Age Rl 4 B elkale (12)

In contrast to eq.(8) that describes oscillatory solutions, eq.(12) describes exponentially growing and decaying
solutions.

When finding the values for the arbitrary constants A, and B,, we must keep in mind that the
solution has to be physical.

A fundamental aspect of being physical must be that the wavefunction is normalizable, i.e.,

/ (6o (2)|2dz s finite
R

where R is the region of space that supports the solution ¢, ().

We see, for example, that in region (1) where 2 < 0, the term in eq.(12) proportional to e~ lkle

diverges, and if A; # 0, then ¢;(x) cannot be normalized. Therefore, we must insist that A; = 0. Similarly,
in region (3) where = > L, the term e/*3!* diverges. Therefore, we must make By = 0. The solutions in
regions (1) and (3) are, therefore,

¢1(z) = Brelhil, z <0
o3(x) = Age~lkslz x>1L

We note that in regions (1) and (3) |k(1,3)| = oo. The fact that the exponent becomes infinite means that
the wavefunctions in regions (1) and (3) become exponentially small for any value of x in that region.

lim ¢1(—|e}) = 0 (13)
|e|]—0
lim ¢3(L +¢€) — 0 (14)
e—0

In region (2), V =0, and the solution has the form

2mFE

bo(x) = Age™™ 4 Bye k2T ko = B2

To find A5 and By, we must connect the solutions in the three regions by requiring that the wavefunction
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be continuous.

0, <0
P(x) = Age*2® 4 Boe=22 0 <z <L
0, z>1L

Applying the boundary condition at z = 0,

$1(0) = ¢2(0)
Ay+ By =0

Therefore,

(;52(1‘) _ A2 (eikzx _ e—ik)gfl‘)

= 2i Ay sin(kox)
Thus the wavefunction becomes
0, <0
p(x) = Asin(koz), 0<x <L
0, x>1L

Apply the boundary condition at x = L:

¢2(L) = ¢3(L)
Asin(ksL) = 0

Since A = 0 corresponds to the trivial solution ¢(z) = 0, we require
sin(keL) =0

Therefore,
kp :i=ko = — n=123,...

Finally, we determine the constant A by normalizing the energy eigenkets:

/ T Jbu(a) Pz =1

Since the wavefunction is nonzero only in [0, L],

L
A2/ sin2(@> de =1
0 L

which gives
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Discovery 8.2. Eigenfunctions:

0, z <0
bu(2) =4 \/Zsin(222), 0<z<L (15)
0, x>1L

Discovery 8.3. Eigenenergies:

pfl ﬁzk,% _ h2m3n?

En = om  2m  2mL? (08)
bo(z) !
i n=3
$2(x) |
| n—29
$1(x) :
X n=1
0 L L
2

Figure 7: Eigenfunctions of the infinite one-dimensional square-well potential.

An important feature of the solutions is that they alternate between even and odd functions of x.
This is a general feature of any potential that has a an axis of symmetry. If an axis of symmetry

exists, then the eigenfunctions alternate between even and odd functions, with respect to the symmetry axis.

Question 8.2.

The lowest energy state, referred to as the ground state, is always nodeless (does not cross zero). Can

you think why?

Order of Magnitude Estimate of Ground State Energy of H Atom. Although the infinite square well poten-
tial is artificial and somewhat contrived, it still provides an order-of-magnitude estimate of the energy scale
of the bound state of the electron in a hydrogen atom.

The ground-state energy of a particle of mass m confined to a region of space of size L is given by

eq.(16)
h2
= 8mL2

The typical length scale of a ground state atomic orbital is ~ 2rA. The ground-state energy for an electron

£y
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is

(6.63 x 10734 J-5)?

FEy = -
T 8% 9.1 x10731kg (2 x 10-10m)?
leV
=15x107 ¥ x —————— =94eV
8 16 x10-19] ¢
The binding energy of an electron to a proton in the hydrogen atom is 13.6¢eV. O

An important aspect of the energy eigenfunctions is their orthogonality.

We have proved that the eigenkets of Hermitian operators are orthogonal. This fact also applies to
the energy eigenfunctions of the Hamiltonian.

We express the inner product of wavefunctions in terms of the integral below. See eq. (7-9) in lecture
18 for details.

Gl = [ 7 61(2) () da

You can show two eigenfunctions of the infinite square-well potential for which m # n is zero, and equal to
1 for m = n.

Comment 8.4. In the next lecture, we will consider a square-well potential, where the potential
outside the well is finite.

We will compare the results with the case where the potential outside is infinite. This comparison will
guide our intuition as to the interplay between the kinetic and potential terms in the Hamiltonian,

and how they affect the shape of the wavefunction.

8.5 Finite Potential Square Well

Lecture 17 - Thursday, March 12

We want to once again consider the one-dimensional square well potential. This time, we want to

calculate the problem for a finite potential V.

‘ Vo
————————————————— e R 0
1) (2 3)
‘ —
—L 0 L
The square-well potential we consider is as follows
‘/07 T < _L7
Vo, = > L.
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You may notice that the well has a width 2L symmetrically placed around x = 0. I've set up the problem
this way in anticipation of the solutions having even and odd parity with respect to the axis of symmetry of
the well.

The Schrodinger equations in regions o = (1,2, 3) is

d?e, 2m

dz2 = ﬁ(va — E)o(x) (2)

We seek bound state solutions, where E < V. We define

2
Regions 1 and 3: K= hzl (Vo — E) (3)
. 2mE
Reglon 2: k= ? (4)
The general form of the solutions in the three regions are

Ape® r<-—L,

é(x) = § Agsin(kz) + Bycos(kz), —L <z <L, (5)
Bze ™", z>1L

Note 8.6. Note, I've written the exponentially-decaying solution in regions 1 and 3, and excluded

the exponentially growing ones.

Comment 8.5. In region 2, I've used sin(kz) and cos(kz) solutions rather than the e**** solutions.

I’ve done this because the real-valued functions are explicitly even and odd parity with respect to z.

We know the solutions will alternate between even and odd parity. Therefore, we can solve for one or the
other parity by including only the function with the parity we wish to calculate.
Our approach for solving the problem will be to solve for each parity separately.

8.6 Boundary Conditions and Solution

To connect the solutions in the three regions, we need to apply two boundary conditions at x = —L and
r=L.

e The first boundary condition is the continuity of wavefunction. The wavefunction must be continuous

in order to ensure that the probability density is defined at every point in space.

¢1(=L) = da(=L)
Are "t = — Ay sin(kL) + By cos(kL) (6)

$2(L) = ¢3(L)
Bse "t = Aysin(kL) + By cos(kL) (7)
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e The second boundary condition requires the continuity of the derivative of the wavefunction.

d*>y  2m
dz F[V(:ﬁ) - E] (8)

2

d
If the potential V(z) is finite, then the Schrodinger equation requires that d—f must also be finite.
x

d
Therefore, the first derivative d—w must be continuous.

x
don|  _ don
dx |,__, dx |,__,
Aike " = k[As cos(kL) + By sin(kL)] (9)
ds| _ dt
dx |,_; dx |,_,
—Bske " = k[A; cos(kL) — By sin(kL)] (10)

The solution to the problem involves 5 unknown quantities: Ay, As, By, B3 and E. These quantities must
be determined in a self-consistent manner from eqns. (6), (7), (9) and (10). We will solve for the even and

odd parity solutions separately.
Even Parity Solutions: coefficient of sin(kx) : Ay =0
A1 = Bg = BQBHL COS(]CL)
k
cot(kL) = — (11)
K

e +h) cos(kL), x < —L,
¢even(x) = BZ X COS(]{XE)7 —L <z < L, (12)
e *@=L cos(kL), x> 1L

The constant Bs is determined by normalization.
Odd Parity Solutions: coefficient of cos(kz) : By =0
A1 = —B3 = —AQBHL Sll’l(kL)
k
tan(kL) = - (13)

— @t gin(kL), z < —L,
Godd(r) = Az x ¢ sin(kx), ~L<z<L, (14)
e *@=Dsin(kL), = >1L

The constant A, is determined by normalization.
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8.7 Energy Spectrum and Eigenfunctions

To find the spectrum of allowed energies, we need to find the values of E that satisfy eqns. (11) and (13).

Note 8.7. We note that E appears in the argument of a trigonometric function on the left-hand side

of these equations, and a polynomial form on the right-hand side.

Equations of this type are known as transcendental equations, and they have no algebraic solution.
We can solve these equations graphically by plotting the right and left hand side and seeing where they
cross. To plot the solutions, we need to pick an energy scale for the problem. We can then write all relevant

functions in terms of the energy scales.

h2
E =
0 2m L2
E
kL =/ —
Eq
Vo — F
L:
K 2
ﬁ_ E
k VVo—FE

For these plots, we’ve picked Ey = 0.01 and Vj = 1.

Discovery 8.4. There are some important observations regarding the finite square well potential.

1. the energy of a state cannot exceed V. Therefore, unlike the infinite potential square well, the

finite potential well supports a finite number of energy eigenstates.

2. you will notice that wavefunction for higher energy states extends further into the classically-
forbidden region, i.e., regions 1 and 3 where E < V. The lengthscale that determines the
penetration into the classically-forbidden region is

2m
7z

R =

Vo - )

We can see that for higher energy states, the difference Vjj — E becomes smaller, therefore x is

smaller, and the wavefunction decays slower.

Question 8.3.

Question: What happens if we place two finite potential wells close to each other, and place a particle

into one of them?

Lecture 18 - Tuesday, March 17

In class review session today, I woke up but I didn’t go.
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8.8 Time Evolution of Superposition of Energy Eigenstates

Lecture 19 - Tuesday, March 24

8.8.1 Superposition of Energy Eigenstates

In this lecture, we will consider the time evolution of states that are not energy eigenstates.

We will consider the time-dependent probability density of superposition states and calculate the
probability of observing the particle in a particular region of space as a function of time.

Suppose we are told that the wavefunction corresponding to a particle in an infinite potential square

well at t = 0 is given by
1

V2

where |¢1) and |¢2) are the n = 1 and n = 2 eigenstates corresponding to the infinite square well potential.

[6(t = 0)) (I61) +[2))

0, x <0,
2 nme
= =1{ /= sin(—— <z<
(z|Pn) = Pn(x) 7 sm( 17 ), 0<z<L,
0, x>1L

Question 8.4.

Given the state of the system at t = 0, |¢(t = 0)), what is the probability of finding the particle on
the right half of the well at time ¢?

To solve this problem, we need to calculate the probability density inside the well as a function of
time, and integrate it over the right half of the well to calculate the probability.

_ L

|6(1) 7

[[61)eErt/0 + gyt

where 5 9s
n°m°h

n — < 75 -

2mL?

Hence,

oz, t) = (z|o(t)) = % [<x|¢l>e—iE1t/h + <x|¢2>e—iE2t/h}

_ b
V2

Use the projection operator in the position basis to express the probability density.

[G1(@)e BN+ gy (w)eiE2111]

(o)1) = /_OO (o(t)])(z|o(t)) dz

= [ vwnswndr= [ P =1
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To calculate the probability of finding the particle in the right hand of the well, in the region

N~

<z< L,

we need to calculate the following integral:

L
Prob. = / |p(z, )| da
L/2

6P = 5 (101@)F + 1620 + 2Re{ 65 (w)gaw)ei - E0/n )

We evaluate the frequency of oscillation in the expression above as

(El - Ez)t 37T2ht E1
= — = — t = —
h omiz Wb W=
Therefore,
1 [ 2 2
Prob. = I /L/2 (sinz(ﬂ-Lx) + sinz(zx) + 2sin(7r—;) sin(zx) cos(3wt)> dx
1 4
=373, cos(3wt)
|p(z.t =0)
3.5 ¢ i 3.5 1
|
: 2.5

| 21

! 1.5 ¢

1 i

T 0.5
| Z 0 i
0 0.2 .04 0.6 0.8 1 0 .
Prob. = / |p(2,0)|? dz = 0.076 Prob. =
L/2

8.8.2 Localization of a Particle Inside the Well

Discovery 8.5. We see that if we start from a state that is not an eigenstate of the Hamiltonian,
then the system evolves in time.
In particular, we see that the probability of observing the particle in a given region of space changes

in time.

Let us now ask a slightly different question: suppose we use a measurement device to measure the
location of the particle inside the box. The device is capable of resolving the location of the particle in a
region Ax.
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At t = 0 we observe the particle to be in the region

L — Ax L+ Ax
<zx< .
2 - = 2

The normalized wavefunction of the particle after measurement is

L - Az
0, T < 5
1 L — Ax L+ Ax
¢(x7t 0) \/E’ 2 —_ :I: —_ 2 )
L+ Az
0, T >
2
¢(z,0)
Az
0 L
2

Calculate the probability density at ¢ > 0. We need to express the initial state in the energy basis.

= O)> = Z Cn |¢n>

oo o0

¢m|¢ Z ¢m|¢n :Z n nm:Cm

Con = (6[00) = [ 07, (2)6(2.0) do
Cr =14/ ﬁ /OL sin(?) d(x,0) dx
Crm =1/ ﬁ /L:til sin(?) dx

Let us calculate the amplitudes {C} for the first 100 coefficients for Az = 0.1L.
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0.4 |
0.2
S 0
—0.2
—0.4
T T T T 71
0 20 40 60 80 100
n
Comment 8.6. It is instructive to observe how the representation of ¢(z,0) improves as we include
a larger number of coefficients.
3 — n=10 3 ~+ n=20 3 = n =230
2 2 2
1 1 1
0 0 0
0.0 02 04 06 08 1.0 0.0 02 0.4 06 0.8 1.0 0.0 02 0.4 06 08 1.0
3 =40 3 = n=>50 3 T n =60
2 2 2
1 1 1
0 0 0
0.0 0.2 04 06 08 1.C 0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 04 06 08 1.0
xz/L
— ¢(z,0) Z Crnthm ()
m=1

Let us include the first 30 terms in the expansion of ¢(x,0). The probability density at times ¢ > 0 is

$(x,t) = Y Ce Frtlhg, (z)
m=1

n 2

O™ Bt/ (2)

m=1

|6(z,1)|* =

We saw from our first example that the probability density will involve interference terms that are propor-

o < (En hEm)t) |

where m and n are two different energy states in the sum.

tional to

If we include a large number of terms, we will get a very complicated evolution of the probability
density.
Let us see what this looks like for n = 30.
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8.8.3 Position-Momentum Uncertainty Relationship

0.2 | 0.4
0.17 A ; 0.2 |
S 0 YAY 0
—0.1 | [ 0.2 | |
—0.2 i | Az =0.05L —0.4 i ‘ Az =0.1L
T T — T T T T ——
0 20 40 60 80 100 0 20 40 60 80 100
n n

We see that the number of non-zero terms required to represent ¢(x,0) is inversely proportional to
the region Az that the particle is localized. The range An can be related to a range of momentum values
as follows.

hmn hm An
Pn n 7 p 7
ApAx ~2rh=nh

We see in this example that the product Ap Az is constant.

This result shows that if we determine the position of the particle with greater certainty, i.e. make
Az small, then the uncertainty in momentum increases.

Conversely, if we make the uncertainty in momentum small, then the uncertainty in position becomes
larger.

This uncertainty relationship between position and momentum is a consequence of the fact that
position and momentum are non-commuting variables.

ApAw > [{[p. )

Ap Ax >

| St

Note 8.8. In quantum mechanics we cannot simultaneously determine the position and momentum
of a particle with arbitrary certainty.

8.9 Free Particle Eigenstates

Lecture 20 - Thursday, March 26

8.9.1 Free Particle Energy Eigenstates

We will now calculate the eigenstates of a particle moving in a region of space where

V(z) =0.
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The particle is not bound by any potential.
Comment 8.7. We assume the particle has kinetic energy F.

The Schrédinger equation for the free particle is

Hop(r) = Edp(x)

L8 Bopte)
Lo E @) = —Kn(e)
where
—_— 2;TL2E
Theorem 8.1.
General solution:
pp(z) = Ae'™® 4 Be~ik® (1)

The solution to the time-dependent Schrédinger equation is

H¢E(x7t) = E¢E(x,t) = Zhag%

¢n(w,t) = pp(x)e PN (2)
Using the Plank-Einstein relationship F = hw, we can express eq.(2) as

(bE(x,t) _ Aei(km—wt) +Be—i(km+wt) (3)

We recall from classical mechanics that e”*(*—?) represents a plane wave traveling in the 4+ direction with

velocity v. Likewise, e?*(#+%%) represents a plane wave traveling in the —z direction.

(bE(l‘,t) — Aeik(z—wt/k) + Be—lk(r+wt/k)
—_—
plane wave moving in the +& direction plane wave moving in the —& direction

Waves moving with phase velocity

w
Vy = —.
Tk

8.9.2 Momentum Eigenstates in the Position Basis

We note that the Hamiltonian of a freely-moving particle

commutes with momentum p:
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Therefore, the momentum and Hamiltonian operators share the same eigenbasis.
(z|plop) = —miqu(x) — in L ptikr — ypp gtk
dx dx '

Thus
p = thk

are the two momentum eigenvalues, corresponding to a particle moving in the +2 or the —z direction with

momentum hk. Both momentum states have the same energy

21.2
E:hk.
2m

Note 8.9. This is an example of degeneracy, which means that there are two or more eigenstates

with the same eigenvalue. In this case, both energy eigenstates have the same energy eigenvalue.

We can label the free-particle states in terms of the momentum eigenvalue p. In the abstract bra-ket

notation, the ket |p) represents a state with momentum p:

plp) =plp) (4)

From the solution to the Schrodinger equation, we saw that a free-particle state with momentum p = +hk

is represented in the position basis as a plane wave:

(a[p) := ¢p(x) = Ae'P®/ ()

As we have done before, we now seek to find the normalization constant A corresponding to a particle with
momentum p.
We note that a plane wave represents a particle having a definite momentum. By the uncertainty

relationship,
h
Ap Az > >

such a state has infinite position uncertainty because Ap = 0.

Discovery 8.6. A state with Az = oo is completely delocalized; that is, there is equal probability to
find the particle in any region of space.

8.9.3 Normalization of Free Particle Momentum Eigenstates

Let us try to normalize a state of definite momentum.

win) = [ " (pla) (alp) da
- [ P

:AQ/ dr — 00
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Free particle momentum eigenstates are normalized using the Dirac normalization, which relies on the

orthogonality of momentum eigenstates having different momenta.

wmz[%wm@mm

:/ by () Pp() d
= A? /00 le=p)z/h gy
The Dirac-delta function is defined by
op—p)= LT e gy
2nh J_o

so that
(p'lp) = A*(2wh) 6(p — p').

To impose Dirac normalization, we choose A so that

A%(27h) = 1.
Hence
A= ! .
2mh
Therefore,
bp() = PO/ (6)
P 21h
and
Wl = [ oy @) do =50~ p) ()
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8.9.4 Representation in the Position and Momentum Basis

Note 8.10. A note on representation:
The ket |p) represents a momentum eigenstate. The state itself is independent of representation.
The state |p) has a representation in both the position basis and the momentum basis:

1
Position representation: (x|p) = ¢p(x) = lpm/h

).

Momentum representation: ('|p) = ¢p(p) =

Similarly, |z) is the position eigenket, and it also has representations in both the position and mo-

mentum bases:

Position representation: (2 |z) = §(2’ — x),

* 1 .
Momentum representation: (plz) = ((z]p))" = ——ewpa/h,

o
3
>

Suppose we are given the position-space representation of a state |¢)):

(z[y) = ().

We can use the position-space representation of the momentum eigenkets to express () in terms of 1 (p):

P(x) = (z[y)

= <x /_O;dplp><pl‘w>

= [ ot

:/jo 6o ) () dp

Here v (p) is the momentum-space representation of the state |¢). Therefore,

ey dp ®

P(x) = \/7

We can also determine ¢ (p) from ¢ (x). Starting from (8), we have

¥(x) = ey dp

F

Multiplying both sides by e=#*/" we get

1/)(:1:)6’”’””/’:”:7%1 / e M (') dpf
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Now integrate both sides over z:

00 , 1 0o S
/ 1#(90)6_“””/% dx = \/ﬁ/ »(p) dp’/ i’ =p)z/h g

1
vV2rh

= \/%/_OO W(p)o(p' — p) dp'
= V2rhi)(p).

[ T p() 2eh)s — p) dyf

Hence,

8.10 The Wave Packet

We saw in the previous lecture that free-particle momentum eigenstates cannot be normalized in the tradi-
tional sense.

This is a direct consequence of the uncertainty principle. The position-space representation of a
momentum eigenstate is a plane wave, which has infinite extent. The momentum uncertainty for a plane

wave is zero, which means that the position uncertainty is infinite.

In reality, a particle is never infinitely delocalized. For example, we can think of the probability
density of a particle moving in space as being peaked in the region of space where the probability of finding

the particle is largest, but may have some spread around this region.

The most natural way to model a free particle is as a wave packet, which we can think of as a plane
wave multiplied by an envelope function that ensures that the probability density decays smoothly as we
move away from the center of the probability density.

A wave packet is composed of a band of wavenumbers, corresponding to a band of momenta. There-

fore, for a wave packet both Az and Ap are non-zero.

We saw in the last lecture that, given a momentum-space representation 1(p), we can construct the
position-space representation of the wavefunction:

1
V2rh

We can express the time-dependent state ¢(z,t) as

P(z) =

[ el "1p(p) dp (1)

Wot) = o [ e ) gy ©)

1
V2rh

/ eipz/hefipr“’t/thw(p) dp (3)

Our goal is to construct a wave packet that represents a particle that is localized in some region of

space. We will choose a momentum distribution 4 (p) and calculate the corresponding (x).
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Let us construct a wave packet moving in the +2 direction with mean momentum p, and with a

Gaussian envelope.

[ (p)?
20,V2In2

Do

Normalized momentum distribution:

Indeed,

& 1 o0 —(p—p0)2 /262
[ P = —— [ ety -1,
— 00 P — 00

Calculate the expectation value of momentum and the uncertainty in momentum, based on the distribution

¥(p):
0= [ PP =p
(r*) = / p* [ (p)* dp = p + o
—00
Ap =/ (p*) = (p)? =0p
From eq. (3),
’(/J(LL' t) — 1 /OO w(p)e—int/theipz/ﬁ dp
’ V2rh J-—x
— ;¥ /Oo 6*(?*?0)2/4U§6ip:r/ﬁ67ip2t/2mh dp.
vV 2rh /Upm oo
The integral is straightforward to do, although tedious. The result of the integration is
Hot) 1 \"* 1 o] PO pt\\, 1 pot \ 2
x,t)=| — —expy — |z — =— XpY — T — —
’ 2o V7 P\ h 2m P 4oy m
where
14 mh h
- - T = —% = —
0 ) 20_127 5 67 2g'p
The term

w0, mot
h 2m
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represents a plane wave traveling in the +2 direction with wavenumber

Po
k=—7—
h )
with phase velocity
Po
’U¢ - %.
Re[¢(,1)] -

The term

expq — ! x—p—ot :
4oy m

represents a Gaussian envelope that modulates the amplitude of the plane wave.

The center of the Gaussian

pol
Trog = —
m
advances in time with the classical velocity
")
m

also known as the group velocity. The group velocity is given by

k2 hk?
E = = = —
2m h, w(k) 2m (9)
Ow hk  po

— = —. 10
ok m m (10)
We note that the wave packet is a sum of different momenta, determined by the distribution ¥ (p),
each with corresponding phase velocity
W p
Vp = — = —.
"k 2m
Because the phase velocity is momentum dependent, we expect the wave packet to spread out in time.

To visualize the wave packet in time, it is useful to construct the time-dependent probability density,

which represents the probability of finding the particle in a given region of space as a function of time:

2 2
o, B = —— — expd —— (—pt) exp _1(x_pof) .
aV2m da2y m 4oy m
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Let

L(t):=vh?= 1+%.
Then
|wmﬂ=1w4—l@wmﬁ?. (1)
al(t)V2r 20212 (t) m
Thus |¢(z,t)|? is a normalized Gaussian of the form
b (z, £)[2 = %(t;\/ﬁ exp{—W}  with ou(t) = aT().
Hence

h 2 h 202t >
o) = 1+ = =1 AN 12
75 (t) 20, + T2 20, + ( mh> (12)

Calculate the expectation value of position and the uncertainty in position based on the distribution

P(x,t):

@) = [ lvtenf = o0 = 2 (13)
@%:[éﬁwuwﬁm:ﬁ@+ﬁ@ (14)
A = /@2 (@) = 0u(t). (15)

We know from the uncertainty relationship

Ax Ap >

N St

For the Gaussian momentum distribution discussed above,

Ap = oy, time independent (16)
I 202t 2
Az =0,(t) = —/1 “ 1
z = 0ou(t) 20, +<mh> (17)
h 202t 2
AxAp—§ 1+(mh>. (18)

At t =0, we have the minimum uncertainty of 7/2.

As t increases, the uncertainty product grows due exclusively to the increase in Az as a function of
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time:

o2
lim Az Ap — 2.
m

t—o0

If the wave packet has a broad distribution of momenta, i.e. large o,, then [¢(z,t = 0)|? is sharply

peaked, and disperses quickly as time increases.

We have seen that a state of definite momentum |py) has a delta-function representation in momen-

tum space, and is represented by a plane wave in position:

(plpo) = 0(p — po),

1 .
x = ——¢Por/h,
ol = o

A state of definite momentum |pg) is infinitely localized in the momentum domain, and infinitely
delocalized in the position domain.

Similarly, a state of definite position |2’) has a delta-function representation in the position space,

and is also represented as a plane wave in the momentum space:
(zla’) = 6(z — '),

i) = (/)" = e

A state of definite position |2’} is infinitely localized in the position domain, and infinitely delocalized
in the momentum domain.
We can understand the dynamics of a wave packet as follows.

As the initial probability distribution [¢(x,t = 0)|? advances in time, the plane-wave contributions

having different momenta move with different phase velocities

_p
YT o

with the higher-momentum components moving faster than the smaller-momentum ones.

As a result, a wave packet that has a narrow distribution of momenta (small o,) spreads out less

than one that has a broader distribution of momenta (large oy,).

A wave packet with large o, however, is more delocalized in momentum, and therefore has a sharper

initial spatial distribution.
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8.10.1 Example 1. Momentum and position representation of a wave packet

Example 8.2. Consider a wave packet defined by
Po
0, pP<—-5,
p p
Y(p)=(pl¥)=q N, —50 <p<507

Po

0 —.

y D> 9

(a) Determine a value for N such that (¢ | ¥) = 1 using the momentum-space wave function directly.
We are given the momentum space representation of the state |¢). We can therefore expand |¢) in

the momentum basis, and carry out the normalization.

<w|w>=/_oc dp<w|p><p|¢>:/_m dpl(p | )2

Po/2
:/ N2dp= N%py=1

—po/2
N= L
VPo
(b) Determine ¢(x) = (x| ¥).
1 Po/2

<l'|1/)>:/ dp<l‘|p><p|w>:\/ﬁ\/ﬁ /261pm/hdp
e —Po

— 1 h [im/ﬁ}pom

o \/27Thpo T € —po/2

_ 1 (2 sin (20 = [ 2o 2 sin (220
V2rhpo \ iz 2h 2mh \ pox 2h

70 sin (%)
R 7 T

2h

(c) Sketch (p | ) and (x| ¢). Estimate Ap from (p | ¢) and Az from (x | ¥); you do not have to calculate
the uncertainties, only estimate them from the width of the distributions. Use these values to estimate

AxzAp. Show that your answer is independent of pg.
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L €T
S 0 2

Po Po
Our uncertainty in momentum is given by the width of the momentum distribution Ap = pyg.

Note 8.11. We note the the functional form of (x | v) is a sinc function

sin(ax)

(@[ ) o

= sinc(azx).
- (ax)

We can estimate the uncertainty in position by either picking the full width at half max of the
function, or picking the first zero of the function. The problem is only asking for an estimate of the
uncertainty, so it isn’t important how you estimate the width of the distribution.

I will estimate Az from the first zeros of the function

. pozo) PoZo
270 = 2 — 4
sm( o 0 = o T

Az ~ 2z

4dmh
ApAzx =~ poi = 47h
Po

8.10.2 Example 2. Bound state of a delta function potential

An interesting limiting case of the finite square well is the case where the well depth approaches infinity
but the width of the well goes to zero such that Vya remains finite. Such a well may be represented by the

potential energy satisfying
h2a

Vi) = - 2m

5(0)

where « is a constant with units of inverse length m™1!.
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N e
— o

N e

o

Vo _— - R E<0

We wish to consider bound states of the delta function potential, i.e., the spectrum of energy

eigenstates for which £ < 0.
The potential is only non-zero at the point z = 0. Away from this point, we know that the solutions

must be of the form

h? d%y
T om di2 = EyY(z) = —|E[Y(x)
d*p  2m|E|
T2 = TThL2 ¢(x) (1)
Ae " x>0,
Y(z) =

Aet oz <0,

2m|E|
K= PO

Comment 8.8. I have chosen constant multiplicative constant for the > 0 and x < 0 solutions to

where

be the same constant A to ensure that ¢(x) is continuous at x = 0.

To determine the allowed values of k, we need one more boundary condition for ¥ (x).
We have noted that for any finite potential, the first derivative of 1(z) must be continuous. However,

the delta function potential is infinite at « = 0. Therefore, we expect

dip
dr |,_,
to be discontinuous.
To determine the discontinuity, we must integrate the time-independent Hamiltonian over an in-
finitesimal range x € [—¢, €], on either side of the delta function.
n? d*>y  hPa
—— — 5 0(@)Y(x) = EY(x)

2m da? 2m

a2 OmE
T =~ [0+ 2 | wiw)
€ d? € € 2mE
lim %d—;fdx:—yg(l) | ad@pl@)de—lim | ;’; () de
d d 2mE
131{[;9/;} - [df] B }z—awm—gg% " (020
T=c¢ T=—€ %ﬁ;—’o
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i { 2] -[%] w0

We apply the boundary condition above to the general solution:

lim (—24ke™) = —aA

e—0

«
R = =

2

There is only a single bound state with energy (eq.(1)).

‘E| B h2,‘<&2 _ h2a2
 2m 8m
Normalization: 0 oo
/ [y (2)|? do = 2/ A%e™ 2" dp =1
oo 0
2A2 —2Krx]
on [e ]0 =1
A=r=,/2
2
—az/2
o |e , >0,
U(z) =
2 /2 p <.

8.11 Tunneling
8.11.1 Tunneling Through a Step Potential

In this lecture, we will consider a free particle incident on a step potential shown below.

Vo
*************************** E <V
1) 2) (3)
E=0 . a T

0, =z<—a,

Vi) =< Vy, —a<z<a,
0, x>a

The Schrédinger in the three regions is
d? 2mE
Regions 1 and 3: d(f;;s = —%qﬁm(aj) = —k?¢1 ()
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d2¢2 - 2m(V0 — E)

Region 2: iz 2 P2 (x) = Ko ()
where
2mE 2m(Vo — E)
VTR TN T e

We will consider a particle traveling from the 4+Z direction that is incident on the step potential. The solution

to the differential equations for this case take the form
¢1(1‘) _ Aeikx +Be—ik:c
¢pa(x) = Ce™ + De™ ™"

¢3 (l‘) — Feikw

d¢

Comment 8.9. As before, the boundary conditions must satisfy the continuity of ¢(z) and . at
x

r = *a.

From the four equations we get by applying the boundary conditions, we find the following relationship for
the reflection coefficient.

B 1
R = ‘ = E<V,
4E(Vy — F ’
A 14 (Vo — E)
2m(Vop — FE
VO2 sinh? (2(1 7771( ;;2 )>
The transmission coefficient is )
F
T=|-| =1-R.
i
We can express T' in dimensionless energy units € = —. Then
0
1
T = T .
2 2mVy(1—¢)
1 + m SlIlh <2a %2>
Let’s plot T vs. ¢ for the case where o := %ﬁfﬁ > 1.
0.30¢
0.25
0.201
T 015
0.10f
0.05} _— a =100
00 02 0.4 056 08 10
E/Vy
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We see that as F approaches Vj, T increases exponentially.

8.11.2 Scanning Tunneling Microscopy

We would like to evaluate T in the limit £ < V.

e=1-—0e withde<k1

T~ 46e B 4de
sinh(\/ a5€)2 (% (6\/0466 _ 67'\/0&66))2
N 16d¢
~ 62\/(166
~ 160e e =2V = 160¢ exp <2a 2m}¥b(5&>

We see that for energies near but below Vj, the tunneling probability varies exponentially with the width 2a
of the barrier, and the height V.

Quantum mechanical tunneling is important in many process, including molecular bonding, nuclear
fusion, and integrated circuits.

The tunneling phenomenon is also used as a tool for imaging the surface of materials with atomic
resolution.

Discovery 8.7. Scanning Tunneling Microscopy (STM) relies on the exponential dependence of the
tunneling probability on the width and height of the energy barrier.

Scanning Tunneling Microscope (STM)

Metal tip
(a)
z=10 —
d
Conducting sample
(b)

— B+ 9
EF

Tip-to-sample tunneling

FAVAVAVAVAVAVAVAY

sample-to-tip tunneling

z
. 0 1 .
Metal tip Va,r.'uuuf Conducting smaple
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To a very good approximation, electrons inside a metal behave as free particles. They are bound to

the metal with energy ®¢, also referred to as the work function.
We can think of ®; as the work done on an electron to remove it from the metal. Inside the metal

ZmEF
FEN TR

tip and surface, electrons travel as free particles
+ik
wmetal(«z) ~e*! zv

Er is the Fermi energy, which is the energy of electrons inside the metal. Inside the gap

k2 qu)o
%ap(z’) ~e ) K= 2

In the absence of an applied potential AV between the tip and surface, the probability of an electron to

tunnel from the tip to the surface is
P o [1p(0)]2e=2rd,

If the electron energy in the tip and surface is the same, then the probability of tunneling in either direction
is the same. Hence, on average, equal number of electrons tunnel from the tip-to-surface as from the surface-

to-tip. Thus, the net tunneling current is zero.

A A ﬁ, |'R" AN ‘\“-t-,_,_ AE B EF —AE
N Y AAATAA - -

i || I —
Tip-to-sample tunneling

IV
T

NA
E || iNiNAa
AT HYATH T
TRIATRVA [
JUVVYU VYV

%
Metal tip OVacuumd Conducting|smaple

®

By applying a small voltage difference AV between the tip and surface, we can increase the energy

of electrons in the tip by an amount
AE =eAV

relative to the electrons in the sample.
This increases the probability for electrons to tunnel from the tip-to-surface relative to the tunneling

from the surface-to-tip, and produces a net tunneling current.
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9 Quantum Harmonic Oscillator

In this chapter, we will solve for the energy spectrum of the quantum harmonic oscillator (QHO).
Lecture 21 - Tuesday, March 31

If you recall from classical mechanics, we encounter the harmonic oscillator potential in system that
have a linear restoring force.

An example is Hooke’s law, which states that the restoring force is proportional to the displacement
x of a mass m away from its equilibrium position. The constant of proportionality k is called the spring
constant. The negative sign signifies that the force is in the opposite direction to the displacement, ensuring

that the force returns the mass to its equilibrium position

_av
dx

Frestoring = —kz =

Because the restoring force is conservative, we can express the potential energy as

More often, the potential energy is expressed in terms of the mass and oscillation frequency of the harmonic
oscillator

1
V(z) = ~mw?a?

where w = \/% is the frequency of oscillation.

The harmonic potential applies to many quantum systems. For example, the restoring force between
two atoms that form a diatomic molecule is well approximated by Hooke’s Law, for small displacement of the
atoms away from equilibrium. Likewise, atoms in solids can be thought of as little masses coupled together

by a network of springs.

9.1 The Quantum Harmonic Oscillator

Unlike a classical harmonic oscillator which can have any energy, we will see that a QHO has a discrete
spectrum of allowed energies. Importantly, we will find that the minimum energy of a QHO is not zero,
which is a consequence of the uncertainty principle.

The Hamiltonian for the QHO is

A2 1
"= §—m + muti? (1)

which can be done using special functions, or there is another way that involves the complex factoring of H

and introducing two new operators.

Comment 9.1. Here, we will use the complex factoring approach.
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We notice that the Hamiltonian has a special form. Namely, it is quadratic in both p and &. We can factor

‘H into the product of two terms as follows:

1 A2
’HzimwQ (i‘2—|— L )

Consider the following factorization:

1 . A . A 1 . /\2

Smw? (32— 2 (2+ 2 ) = Zmw? @2+L[fﬁfﬁ§c]+p7

2 mw mw 2 MW e ——  m3w?
hw
2

Hence we obtain that

Let ‘
oo T (o, D
““\ 2 <$+mw)

We note that & and p are Hermitian operators, therefore & = &, p = pt, and

A mw (1P
a' = — T — —
2h mw

AL P A B P
la,a'] 2h [<x+mw)’<x mw)]

M (8, ] ——— [, ] +—— [, ] +—as [p: 5]
=—\|2,2—|2 — D, 2 +——
2h |2 mw\’fz mw&,_/ m%ﬂ&f/
=0 ih —ih =0
=1

Hence we obtain that

[a,a7] =1

In particular,

aat —ata=1
Consider the action of @ and &' on an energy eigenstate:

1 |E) = E|E)
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Let’s calculate the energy corresponding to the state a|FE).
A 1Y
H(4|E)) = hw aa—l—i a|E)

Using eq. (5), we can express afa = aa’ — 1.

We see that the action of @ on |E) produces a state that has an energy that is lower by fw.

Definition 9.1. [Lowering Operator]

The operator a is called the lowering operator.
Let’s consider the action of @ on the state |E).
o ata 4 L) at
H(a" |E)Y) = hw aa+§ a"|E)
at (aat o L o gt
=hwa' [aa" + 5 |E) (factoring @' to the left.)

Using eq. (5), we express aal = afa + 1.

We see that the action of af on |E) produces a state that has an energy that is higher by hw.

Definition 9.2. [Raising Operator]

The operator a' is called the raising operator.

9.2 The Energy Spectrum of the QHO

Note 9.1. There exists a minimum energy state of the QHO, which we refer to as the ground state
|Eo)-
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While we do not yet know the energy Ey, it is reasonable to enforce the condition:
a|Ep) =0 (6)

This condition states that if we apply the lowering operator on the ground state, it returns zero because, by
definition, there are no states with energy lower than Ej.
We can use eq. (6) to find the ground state energy.

1
H|Eo) = hw (a*a + 2) |Eo)

1
= M&T&|E0>+§M|EO>
N——

=0

hence

M| Ey) = o 1o | o) 7

Theorem 9.1.

The minimum energy of a QHO is %hw

Comment 9.2. Our goal now is to find the energy spectrum of the QHO.

Suppose the QHO is in a state with energy E: |E). We can produce a state of lower energy by applying the

lowering operator to |E).
a|E) = const. |E — hw)

We don’t yet know the constant that multiplies the state |E — Aw).
If we repeatedly apply the lowering operator to |E), we will ultimately reach the ground state |Ep).
Because we lower the energy in units of Aw, it must be true that the energy spectrum is quantized

in units of Aw, starting from a ground state energy of %hw

= |E2)
af a
= + |E1)
at a
~ |EO>
The energy spectrum of the QHO is
1
En:hw<n+2>, n=0,1,2,.-- (8)

We label the energy eigenstates with the index n.

Hn) = hw (n + ;) In) )
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By expressing eq. (9) in terms of the Hamiltonian, we discover a useful identity
hw <deL+ ;) |n) = hw <n+ ;) |n)
Notice that the operator afa = n. We define the number operator
N :=afa (10)
which counts the number of quanta of excitation n in the QHO.

H|n) = heo (N + ;) In) (1)

9.3 Approach to Solving for Eigenfunctions

In this lecture, we will derive the eigenfunctions of the QHO. To do this, we will again be using the raising
and lowering operators @ and a'.

We first need to determine the constant factors c and ¢’.
dln) =cln—1)

atn) =cn+1)
Recall that the number operator N = ata, with
Consider
Hence
This implies that
which gives us that
In order to evaluate ¢/, we note
and
SO

(njaa’ — 1n) = n = @' n))fat|n) =n+1

(dn+1)dn+1)=n+1

118



I+ 1n+1)=n+1
Id)?=n+1
I =+vn+1

We will drop overall phase factors that multiply ¢ and ¢’.

aln) = Vi1 n— 1) 1)
allny=vn+1|n+1) (2)

9.3.1 Solving for the Ground State Wavefunction

We will use the position representation of the raising and lowering operators to find the energy eigenfunctions,
starting from the ground state.

From

. fmw [ . ip

we obtain the ground-state wavefunction in the position basis. Writing ¢o(x) := (z | 0), we have

(e 20

h d
Hence
dpg — mw
@ = Tl
2
¢o(x) = const.e™ "
% = —2azx ¢o(x) = —% x ¢o(z),
o)
oo
2h |
Therefore

mwr?
¢o(z) = const. exp <— o ) .

Normalization gives
(oo}
N ERE
— 00

e mwa?
= |const.|2/ exp(— dx.
o h
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Using .
/ e dy = \/j, R(y) >0,

h
|const.|? o
mw

we get

Thus

1/4 2
doli) = (22) " exp -T2 )|

We can find the wavefunction corresponding to the nth eigenstate by repeatedly applying af on |0). In

particular,

i n—1) = v/ [n),

Y= Lt n—1).

N

3

Example 9.1. For example, by applying the raising operator repeatedly, we obtain

3) =

B
V3

= ——=—=@""D)

This suggests the general formula
In) = — (@)™ |o)
ny = ——(a .
vn!

Passing to the position representation, we therefore obtain

on@) = = [\ (o= L)) )

We define the dimensionless quantity

o fw
=\ 5%
The general form of the solution to eq. (3) is
mw\1/4 1 2
- —£7/2
o) = (1) g Hal©e %

120



where H,(§) are Hermite polynomials. The first few Hermite polynomials are

Ho(&) =1,
Hy(§) = 2¢,
Hy(§) = 462 — 2,
Hs(€) =8¢ —12¢,
Hy(€) = 166% — 48¢% + 12,
! ¢s(x)
Pa(z)
b3(z)
b2 (z)
w ¢1(x)
(D b0 ()

Figure: QHO Eigenfunctions

9.3.2 Position & Momentum Uncertainty Relationship for a QHO

Let’s calculate the uncertainty in the position and momentum for the different energy eigenstates. The

uncertainty relation states

ApAw> L [{[2.4]) )
h
Ap Az > ok (6)
where
Ap =V {(P?) — (D) Az =/(2?) —(2)%
and
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We will first express & and p in terms of @ and af, then use these expressions to evaluate the expectation

values in Ap and Az. The expectation values will be evaluated for an arbitrary state |n).

R mw [ . n ip
a=4/— T+ —
2h mw

A mw (1P
a' =/ — |z — —
2h mw

We can express & and p as linear combinations of & and a':

In evaluating the expectation values, we utilize the orthogonality of the energy eigenstates:

Hence

Likewise,

Now compute (n|22|n):

Similarly,

h
A — A A'i'
z ST (a+a")

i
p=iy| 75 @' —a).

(nlm) = dpm.

(nl&|n) o (n|(a+ a")n)
x (nln —1) 4+ (n|jn + 1)
0.

(nlpln) = 0.

(n|22|n) = (2;;) (n|a® +aa’ + a'a + (@")?|n)

(i) (e

()6

i) = — (52 (ol@')? - — ' + 47|}
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Therefore,

Ap =) = (B = | mhw (n+;>
Ao— <fz>_<@>z:¢(ﬂ;;) (nr 1)

1
ApAm:h(n+2).

Thus,

The minimum uncertainty allowed by the uncertainty principle is

h
Ap Az = —.
pax 2

The minimum uncertainty is realized only for the ground state. All other states have larger uncertainty.

9.4 Quantum vs. Classical
9.4.1 Classical Harmonic Oscillator

Let’s compare the behavior of the QHO to the classical HO.

The total energy of the oscillator is the sum of the kinetic and potential energy.

1 1
E = §mj32 + §mw2x2(t)

Let the position and velocity of the particle at time ¢t be given by

x(t) = g cos(wt),
z(t) = —zow sin(wt),
where xq is the peak oscillation amplitude. At times

nm
t():f, nEZ,
w

the velocity of the oscillator is zero (a’c(to) = 0)7 and the energy of the oscillator is stored as potential energy.

1
E= immeg
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The positions z = +x( are the classical turning points.

2o = +4/ —s
mw

9.4.2 Classical Probability Density

Let AP be the probability of finding the particle in an interval Az centered at position z.
To calculate this probability, we simply need to calculate the fraction of the time per half cycle that

the particle spends in an interval Az about some position z.

The amount of time that the particle spends passing through the region Az in one-half cycle is

Az Az
At = — = —F————.
|#]  zow|sin(wt)]

In terms of the particle’s position, we can express

: 22 (t)
|sin(wt)] = 4/1 — )
3
At — Az

wy\/xg — 22(t)

The probability of observing the particle at location x is

At 2
AP:T—/2, WhereT:f.
Hence the classical probability density is
AP d 1
— = —(P) = ————.
Az dsc( ) m/xg — 22

The classical probability density is normalized:

Zxo 1
de = 1.
— 22

—xzg T/ x%
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Near the classical turning points, the velocity of the particle approaches zero. Therefore, the amount
of time spent by the oscillator in a region Ax around x = £xg is the highest anywhere on its trajectory,
which corresponds to the high probability density at these locations. The probability density near z = 0 is

the lowest since here it is moving the fastest.

9.4.3 Correspondence Between Classical and Quantum Probability Densities

For the QHO, the probability density corresponding to the n'" eigenstate is
Py = | ().

Notice that the ground state probability density |¢o(z)|? is peaked at @ = 0, which is exactly the opposite
of the classical harmonic oscillator.

This behavior is directly related to the uncertainty principle, which prevents the particle from having
ZEero energy.

As the quantum number n increases, P,, behaves more and more like the classical distribution—both
are peaked near the classical turning points.

In the large n limit, the quantum and classical oscillators behave essentially identically.

For example, although the spacing between adjacent quantum energy levels is always

En+1 - E, = hw,

1
By =ho(n+z).

Hence the relative spacing between neighboring energy levels is

the total energy of the n'® state is

Epi1— B, hw 1

B Rt ) ntd

As n — oo, this ratio tends to 0. Thus, for very large quantum numbers, adjacent energy levels become
extremely close compared to the total energy, so the discrete quantum spectrum appears almost continuous.
This is an example of the correspondence principle, introduced by Niels Bohr, which states that
the predictions of quantum mechanics should agree with those of classical physics in regimes where classical
physics is valid.
For n = 105, the states |n) and |n + 1) look essentially the same, so quantization effects are virtually

impossible to observe.
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10 Tutorials

10.1 Tutorial 1 — Review of Linear Algebra

Tutorial 1 - Monday, January 12

Question Consider the matrices given below:

M1:01,M2:20,M3:i1_1,M4:11
10 0 2 V2l 1 00

1. Diagonalize the above matrices by finding their eigenvalues and (normalized) eigenvectors. If your
matrix is real, check if the calculated eigenvalues and eigenvectors are consistent with the geometric

interpretation of the matrix as a linear map on R2.

2. Find the inner product between the eigenvectors of each matrix, and also determine whether MTM =
MM for each of them. What do you find?

Quiz We define

Find |{v]u)|?.

Proof. We first compute
1 - 1
(v]u) = 5(1 + ') = 5(1 + cosf + isinf)
and now we can compute

1 2
|(v]u)|?* = ‘2(1 + cosf + isinf)

[(1 4 cosf)? + (sin 6)?]

Nl SN ]

(2+2cosb)

0
—cos2 [ 2
= CoS (2)

as desired. O]
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10.2 Tutorial 2

Tutorial 2 - Monday, January 19
Consider a spin—% particle whose spin is down along the direction specified by the unit vector
N =cosp sindX + sinp sinfy + cos 2, (1)

where (0, ) are the usual spherical angles (see Fig. 1). Equivalently, the state is an eigenstate of fi - S with

eigenvalue —#/2, so a measurement of 1 - S returns —h/2 with probability 1.

Note 10.1. We use
n-S=n.5 +nySy +n.5..

(a) Show that the particle’s state vector can be written as

=ha=sin( ) 141 = e cos 5 ) 1), @)

In other words, calculate the eigenvector of fi - S corresponding to the eigenvalue %ﬁ

Hint. Recall that, in the S, eigenbasis, we have the matrix representations

h{0 1 h {0 —i A(f1 O
Sac =35 ) S1 =35 3 Sz = 35 .
2 (1 O) 2 (z 0) 2 (0 —1>

(b) What outcomes are possible when measuring S,? For each outcome, compute its probability in the

state |—),. Sketch (or plot) these probabilities as functions of 6.

(c) Give a qualitative reason the probabilities in part (b) do not depend on ¢.

=

Y
<

T

Figure 8: Direction of the spin in spherical coordinates.
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Proof. For part (a). We first compute

n-S=cos sin@é 01 + sin sinﬁﬁ 0 — -I-COSQE Lo
s 241 0 14 2\i 0 2\0 -1

h cosf cos psinf — i sin psin 6
cos @ sin 6 + isin psin —cos

To find the eigenvector corresponding to eigenvalue —%, we solve for x and y in the following equation:

(f-S+1) (‘”) =0
y

(cosf + 1)z +sinfe"%y =0

which is equivalent to solving

sinfe?z + (—cosf + 1)y =0

One solution could be £ = —cosf + 1 and y = —sin #e’?. Recall that we know

1 — 2sin? <9> = cosf
2

2sin <9> cos (9) =sinf
2 2

0
= 2sin? | =
X S1n (2)
0 0\
—_2 ] — _ (1%
Yy = sm<2>cos<2)e

in both = and y we obtain:

“(3) (3)
r=sin| =], y=—cos| = |e
2 2

as desired. O

Hence we can rewrite x and y:

9

Cancelling out 2sin 3

Comment 10.1. Let the particle be in the state |—), (Eq. (2)). Let fpep be any unit vector
orthogonal to n. Before computing anything, what do you expect for the probabilities of measuring
Aperp - S = £1/2? Then verify your expectation by calculation.
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10.3 Tutorial 3

Tutorial 3 - Monday, February 2

Question Consider a spin-1/2 system. The operator A has a matrix representation
1 2
A=
c 1

1. Find the constant ¢ such that A can represent a physical observable. Use this constant for all subsequent

in the S, eigenbasis.

questions.
2. What are the possible measurement outcomes of A?
3. Find the matrix representation of A in the S, eigenbasis.

4. If the system is in the |+), state, what is the probability distribution for the measurement outcomes
of A.

5. Find the expectation value of A for both the |+) and |+), states.

6. Find the standard deviation (uncertainty) of A for the |+), state.

Hint: Recall that the S, eigenstates are [+), = (|+) £ i |-))/V2.

Note 10.2. Something to think about: Suppose a spin-1/2 particle is in the n - S eigenstate |+)..
Show that the probability of a measurement of i’ - S yielding //2 is cos?(a/2) where « is the angle

between the two vectors n and n’.

Hint: A clever choice of basis will make the algebra a lot less tedious.

Quiz Let |+) denote the S, eigenstates for a spin-1/2 particle. Given the vector
0

V2

For each of the following, identify whether it is true or false. Justify your answer.

¥) = —=(+) +e¥|-),  fpeR

1. |t) is not a physically-valid state since it is not normalized;
2. For arbitrary ¢, |1) is an eigenstate of the S, operator;

3. The probability of measuring different values of S, is independent of 6.
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Proof. (1) is false, because 9 is normalized:

e " —ip _ ﬁ ip|_
(W) = S+ 75 (<) () + ¢ )
= S+ (1)
=1

For (2), it is also false because the eigenvalues correspond to |+) and |—) are different. The third

statement is correct:

P(+) = [ {(+|) |? P(=) =[{=|¥)
et 2 i piv 2
V2 V2
1
2 ]
as desired. O
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10.4 Tutorial 4

Tutorial 4 - Monday, February 09

Question Consider a quantum system described by a 3-dimensional Hilbert space. The state of the system
is given by
|¥) oc [1) +2(2) +33)

where {|1),]2),]3)} is an orthonormal basis for the Hilbert space. Suppose we have an operator
A=[1) A +4[1) 3] +3[2) 2| + a3) (1]
1. Normalize the state |¢)).
2. What should the value of a be for A to represent an observable?
3. Calculate the expectation value (A) using the inner product formula (1| A [¢)).
4. Find the uncertainty AA = \/m in measuring the observable A.

5. Calculate (A) and AA using the probability distribution of the measurement outcomes of A, and show
that they match the results of parts 3 and 4.

Note 10.3. Something to think about: For the same quantum system and observable A above,
characterize all states |¢) for which AA = 0. What special property do these states have with respect
to the observable A?

Quiz Answer the following multiple-choice questions. No need to justify your answer.

1. Which of the following is the matrix representation of the z component of the spin angular momentum
for a spin-1/2 system?

h{0o 1 h{0 —i h{l1 0 (d) Depends on the
(a) 2(1 0) (b) 2<i 0) (c) 2(0 1) basis

2. In a d-dimensional Hilbert space, the object |1) (¢| is represented by a
(a) d x 1 matrix (b) 1 x d matrix (¢) d x d matrix (d) 1 x 1 matrix
3. For an observable A and state |1), the object (A) = (Y| A |[¢) is

(
(

a) the average of the matrix elements of A in a given basis;

)

b) the trace of the operator A;

(c) the average of the vector A |y) over its components;
)

(d) the average of outcomes in a large number of ientical measurement of A, all starting from state

).
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10.5 Tutorial 5

Tutorial 5 - Monday, February 23

Question Consider the following thought experiment. Alice prepares a large ensemble of spin-1/2 particles
as follows: for each particle she flips a fair coin. If it comes up heads, she prepares the state |[+). If it comes up
tails, she prepares the state |+) . She then hands the ensembles to Bob, who performs the same measurement
on each particle.

1. Bob measures S, on each particle. Compute the probabilities of the two measurement outcomes using
conditional probabilities.

2. Express the ensemble state (before measurement) as a density matrix p in the S, eigenbasis. Show
that p describes a mixed ensemble by confirming that tr[p?] < 1.

3. Calculate the same outcome probabilities as part 1 using the density matrix. Confirm that your answer

agrees with part 1.

4. Alice now uses a different precedure: she does not flip a coin. Instead, for each particle she always
prepares the pure state
|9) o< [+) + [+),

Compute the S, probabilities again. Is the answer same as part 1.

Note 10.4. Something to think about: For the coin-flip state preparation procedure, there is classible
ignorance about which of the |[+) or |[+), states was prepared on a given particle, so the ensemble is
described by a statistical mixture. For the second procedure, Alice prepares a coherent superposition
on every trial, and the ensemble is pure. To make this distinction concrete, show that in the pure case
there exists a direction fi such that measuring fi - S has a definite outcome (probability 1), whereas

for the mixed state there is no such direction.

Quiz
1. Which of the following is always true for a density matrix p?

a) p is Hermitian.
b
(c) p* =p.

(d) Tr[p?] = 1.

(
(b) All entries of p are real numbers.

)
)
)
)
2. Consider an ensemble prepared in a 40/60 statistical mizture of |+) and e*?|—). For this ensemble, the

probability distribution for measuring an arbitrary observable is

(a) independent of ¢ for all observables.
(b) dependent on ¢ for some observables, but not all.

(c) dependent on ¢ for all observables.
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3. Consider an ensemble prepared in a 40/60 superposition of |[+) and e*¢|-), i.e. the state
) = V0.4[+) +V0.6€%|-)

For this ensemble, the probability distribution for measuring an arbitrary observable is

(a) independent of ¢ for all observables.
(b) dependent on ¢ for some observables, but not all.

(c) dependent on ¢ for all observables.
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10.6 Tutorial 6

Tutorial 6 - Monday, March 02

Question Consider a spin-1/2 particle with gyromagnetic ratio v > 0 in the state [¢)(0)) = |+) at time

t = 0. The Hamiltonian of the system is

H=-S:B,

where B is the magnetic field.

1.

A magnetic field B = By is applied to the particle for a time 7. What is the smallest T > 0 for which
the spin ends up in |—),?

. The field is now abruptly switched to B = Bz, and the spin evolves for time 27", where T is the time

calculated in part 1. What is the resulting state?

Using the results of part 1-2, sketch the trajectory of the expectation value of the spin angular mo-
mentum vector (S) over the interval [0, 37].

Say we measure Sy at time ¢ = 37. What are the possible measurement outcomes? What are the

corresponding probabilities?

Immediately after the measurement, the field is switched back to B = By for another T duration.
How does the system eolve after this?

Note 10.5. Something to think about: After measuring S, in part 4, the state becomes probabilistic
depending on the measurement outcome. Suppose the person doing the measurement does not inform
you of the outcome they have measured. So for you, the state of the particle is unknown. Describe
the state of the particle at ¢t = 4T using a density operator.

Proof. 1. For B = By, the Hamiltonian is

H,=—yBSy = ——

5 Ty w = ~vB.

Hence the time-evolution operator is

Uy(t) 671'Hyt/h: iwtay/2.
Acting on |+,) gives
wt
(0 +2) =cos( %5 ) b (5 ) 10
Since L
—z) = —7=U+z)—|—2)),
o) = 5 ()~ 1-2))
we require
wT o wWT 1
) gin( 22 ) = —
cos| S 5 7
Therefore
wf' om0 o T
2 4 ~ 29B



Thus the smallest such time is

o
2B

. After time T, the state is |—;). Now switch to B = Bz. Then

H,=—-yBS, = ——

B Oz, Uz(t) — e—int/h — eiwtaz/Q.

Using
|_$> = %(|+Z> - |_Z>)7

after an additional time 27T we get

UZ(2T) ‘_m> _ (eiw(2T)/2 |+z> _ efiw(2T)/2 |_z>) )

Sl

Since wT' = T, we have w(2T) = 7, so

UZ(2T) |*r> = (6m/2 |+Z> —e7im/2 |*Z>) = Z%(|+Z> + |*Z>) =1 ‘+r> .

Sl

Hence the resulting state is

u

[19(3T)) =i [+.)

which is physically the same as |+,) up to a global phase.

. The expectation value (S) has constant magnitude h/2 and follows the Bloch-sphere precession.

For 0 <t < T, the field is along ¥, so
(—sin(wt), 0, cos(wt)).

Thus it moves from

zZ to — =X

| St

For T <t <3T,let 7=t—T. The field is now along 2, so
h .
(S)(t) = 5(7 cos(wT), sin(wr), 0), T=t-T.

Thus it moves from
k. ; h.
——% to =X
2 277
passing through —i—%y halfway through this interval.

So the trajectory is:

e from +Z to —x along a quarter-circle in the zz-plane;

e then from —%X to +X along a half-circle in the zy-plane.
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4. At time ¢t = 3T, the state is [+,) (up to phase). Measuring S, gives the eigenvalues

NSt

—&—g and —

Since |+5) has equal overlap with |+,) and |—,),

h 1 h
Pl=s)=r rlsea)-
h 1 h
P = - = — P = —— =

5. Immediately after the measurement, the state collapses to either |+,) or |—;).

| =

Therefore

N | =

Switching the field back to B = By means the Hamiltonian is again
Hy, = —vBS,.

Since |+,) are eigenstates of S, they are stationary states under this Hamiltonian and only acquire

phase factors.

If the outcome was +h/2, then
) — e BT gy) By = Bl =

Hence
|+y) — e T/ |+y) = e/ [4y) -

If the outcome was —h/2, then

|—y) — e~ tE-T/n |=y) s E-= +7’

so
|=y) — e T/ |=y) = e '/ |=y) -

Therefore the post-measurement evolution is

; 1
l+,) — e™*|+,)  with probability 3

; 1
|—,) — e”"/*|—,)  with probability 5

Physically, the spin remains aligned along +¥.
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Quiz Mark each statement with True/False. No need to justify your answers. Assume tha Hamiltonian in

question is time-independent for all parts.

1. For a time-independent Hamiltonian, the state of the system is always time-independent.

2. If a system starts in an energy eigenstate, the probability of measuring the same energy at a later time
is 1.

3. If a system is in a superposition of two energy eigenstates with different energies, the state is time-
independent.

4. If the Hamiltonian is 0 (H = 0), the state of the ststem is time-independent.

5. If a system is in a superposition of two energy eigenstates with different energies, the probabilies of
measuring those energies are time-independent.

Answer. X/ X/V O
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10.7 Tutorial 7

Tutorial 7 - Monday, March 09
Question In the lectures on magnetic resonance, you have seen the evolution of a spin-1/2 system in the
presence of a static field and an orthogonal circularly polarized field that is time dependent. In this tutorial,

we will see how the system evolves if the static and time-dependent fields are parallel.
Consider the initial state [¢(0)) = |+), for the system evolving in the presence of the magnetic field

B(t) = [Bo + Brr cos(wt)|z
wheere By and Bry reresent the static and time-dependent fields, respectively.

1. Calculate the Hamiltonian in terms of the gyromagnetic ratio ~;

2. Write the unknown evolved state |¢(¢)) in the |£) basis and substitute it into the Schrédinger equation
along with the Hamiltonian from part 1. Find [¢(t)) by solving the resulting differential equation.

3. What is the trajectory of the expectation value (S) in space? Specify the trajectory in terms of spherical
coordinates 0(t), o(t).

4. Simplify o(t) in the limit of large RF frequencies (w >> yBgrr). What is the physical interpretation of

this result?

Note 10.6. Something to think about: Extend the above analysis to a general tume dependence for

the field rather than just a sinusoidal one.

Quiz Answer the following multiple-choice questions. No need to justify your answers.
1. A system has a time-independent Hamiltonian H, which of the following statements is always true?
Every state is stationary;
Every energy eigenstate is stationary;
The expectation value of every observable is constant in time;
The state vector can always be chosen real for all time.

2. Now suppose the Hamiltonian depends explicitly on time, H(t). Which statement is always true?

a) The system’s energy is conserved;

b
(c

(d) An eigenstate of H(t) at t = 0 is also an eigenstate for later times.

(
(b) An eigenstate of H(t) at t = 0 is a stationary state;
The state vector still satisfies the Schrodinger equation ih% [v(t)) = H(t) |9(t));

)
)
)
)
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10.8 Tutorial 8

Tutorial 8 - Monday, March 16

Question Consider the problem of a particle in a 1D infinite potential well spanning 0 < x < [. At time

t = 0, the particle is in the state |1y}, with position representation

Asin®(nz/l), x €[0,1],

Yo(x) = (z|¢o) = 0, £ 0.1

1. Calculate A such that |¢g) is a valid quantum state.
Hint: Recall the identity

. 1
sin®(z) = ZSinx —1 sin(3x).

2. Find the evolved state [1)(t)) at an arbitrary time ¢. Specify the state using its position-basis repre-

sentation

P, t) = (|y(t)) -
3. Calculate the expectation value of the kinetic energy

(P?)

(1) =5~

as a function of time. How do you interpret the resulting time dependence?

4. Calculate the expectation value of momentum as a function of time.

Note 10.7. Something to think about: Show that the expectation value of the kinetic energy for a

particle in 1D is always strictly positive.

Quiz Answer the following multiple-choice questions. No need to justify your answers.
1. A particle is in a 1D infinite potential well on 0 < x <[. At t = 0, its wavefunction is

11[}(5550) =

What is the value of A?
(a) v/2/1
(b) 1/V1
(c) 1/1
(d) 2/1
2. For the same state, which statement is correct?

(a) The state is a single energy eigenstate.
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(b) The state is a superposition of exactly two energy eigenstates.

(¢) The state is a superposition of infinitely many energy eigenstates.
(d) The state cannot be written as a superposition of energy eigenstates.

3. For the same state, which statement is correct?

(a
(b
(c
(d

X)) varies with time because the state is not an energy eigenstate.
X) =1/2 for all t, because the state is symmetric about the center of the box.

X) = 0 for all ¢, because the wavefunction is real at ¢t = 0.

)
) (
)«
) (

X) is undefined because the potential goes to infinity outside the well.
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10.9 Tutorial 9 Tutorial 9 - Monday, March 23

Questions Consider a particle of mass m in a 1D infinite potential well. For ¢ < 0, the well spans [0, 1],

and the particle is in the ground state:

2 /mx
,0) = \/; sm(T) , x€][0,1], W

0, x ¢ [0,1].

At time ¢ = 0, the right wall is suddenly moved so that the new well spans [0, 2]. Assume the wall is moved

so quickly that the wavefunction does not change during the expansion, i.e. ¥(z,0") = 1(x,07).

1. Calculate the wavefunction 1 (z,t) for ¢ > 0.

2. For t > 0, calculate the probability that an energy measurement returns the same value as the particle’s

energy before the wall was moved.

3. For t > 0, show that the wavefunction is periodic in time, i.e. ¥(z,t +T) = ¥(x,t). Find the period
T.

Something to think about: If the Hamiltonian of a quantum system changes discontinuously from H;
to Hs at time ¢t = to, and H ()[4 (t)) remains finite across the jump, show directly from the Schrodinger

equation that
[W(tg)) = v(tg)),

i.e. the state is continuous at ¢t = tg.

Quiz Answer the following multiple-choice questions. No need to justify your answers.

1. Consider a particle in 1D. The wave function ¢ (z,t) of this particle has units of

() Length (b) +/Tength (c) 1/Length (d) 1/y/Tengih
2. For a quantum particle in 1D with state vector [¢), the quantity ¥ (z) = (x|v¢) is

(a) The position representation of the particle’s state;

(b) The coefficient of |¢)) when decomposed in the position eigenbasis;

(¢) The wavefunction;

(d) All of the above.

3. What is the result of the following integral?

0 esin(?frw)
/ 6z —2)—F——dx
0 x4 + 1

(a) Undefined; (b) 0; (c) 1/5; (d) 1/3
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10.10 Tutorial 10 Tutorial 10 - Monday, March 30

Questions In this tutorial, we will study the energy eigenstates of a particle in the 1D finite rectangular

barrier

V(,x‘): Vo J?E[O,l],
0 x¢]0,1],

where Vy > 0.

1. Write down the time-independent Schrodinger equation (i.e. the eigenvalue problem for the Hamilto-

nian) and solve it separately in the three regions x < 0, 0 < x <, and x > .
Show that the form of the solutions depends on whether 0 < F < V or E > V. In each case, determine

whether the corresponding eigenstates are scattering states or bound states.

2. By requiring that the wavefunction and its first derivative are continuous at x = 0 and x = [, relate

the unknown coefficients in the three regions. What is the general form of an energy eigenstate?

3. Consider an energy eigenstate describing a particle incident on the barrier from the right, i.e. for z > [,
the wavefunction contains an incident left-moving term proportional to e~*? and a reflected right-

moving term proportional to e¢’**, while for z < 0, it contains only a transmitted left-moving term

proportional to e~ **.

(a) What form should the wavefunction take in each of the three regions?

(b) Calculate the reflection and transmission probabilities and sketch them as a function of E.

Quiz Answer the following multiple-choice questions. No need to justify your answers.
1. For a free particle of mass m in 1D, the Hamiltonian operator in the position representation is

L d h? d? h? d? (d) 0
_ih @ Le
(a) —i dz (b) 2m dz? (c) 2m dx?

2. Consider the free-particle wavefunction (z) = Ae?** where A is a constant and k is real. This state

has a definite value of

(a) Position only (¢) Energy only

(b) Momentum only (d) Both momentum and energy

3. For a free particle in 1D, the states e’** and e~%** have

The same momentum and the same energy

(a
(b

)

) Opposite momentum and the same energy
(¢) Opposite momentum and opposite energy

)

(d) The same momentum and opposite energy
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A Appendix: Linear Algebra

A.1 Invert Matrices

Theorem A.1. Invertibility of a Matrix

for an n x n matrix A over a field (e.g., R, C),

A is invertible <= det(A) #0

Theorem A.2. Inverse of a 2 x 2 Matrix

a b 1 d —b
A= Al =
(c d) ’ det(A) (—c a ) ’

provided that det(A) # 0.

We have

Input : A e F"xn

Output: A~! if it exists, otherwise FAIL
1 M+ [A|I]
2 Row-reduce M to RREF: M — [R | B]
3 if R # I, then
4 t return FAIL

5 return B

Algorithm 1: Inverse(A) via Gauss—Jordan elimination

A.2 Diagonalize Matrices

Theorem A.3. Diagonalization via an Eigenbasis

Let A € M,,(FF). Suppose F” has a basis of eigenvectors v, . .., @, for A for some scalars ¢y, ..., ¢, € F.
Let
S = [171 Ty - gn]
be the matrix whose columns are 7, ..., ¥,. Then S is invertible and
C1 0

STAS = diag(cy,...,cn) =
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o Gk~ W N

~

10

11

Input : AeF"xn
Output: (P, D) with P"'AP = D diagonal, or FAIL
Compute p(A) = det(A — AI) and factor p(\) = Hle(/\ —X)% inF
Vel L]
for j =1 to k do

Bj < basis(ker(A — \;1))

foreach v € B; do

t append v to V; append A; to L;

if |V| < n then
t return FAIL
Take n independent vectors from V as columns of P and their labels from L for D
D « diag(Lq,...,Ly)
return (P, D)

Algorithm 2: Diagonalize(A)
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B Special Topic — Generators of Transformations in Hilbert Space

Our goal in this lecture to describe the action of operators on quantum states.
We have seen that when an operator A acts on a arbitrary state |¢) that is not an eigenstate of the

operator it produces a new state [¢').

) = ch‘an>
[6) = A 1) = 3 canlan) # const. )

We will study the new state that is produced in the context of spin-1/2 system. We will start by constructing

the spin operator in an arbitrary direction 7.
fl = cos sinf & + sin  sin O § 4 cos 6 2
where (¢, ) are the polar angles. We define the spin-1/2 operator in an arbitrary direction as

=S, cosp sin@—i—S'ysingo sinf + S, cos .

¥

0 1 h({O0 —t Al O

(1 0>cos<psin9+2<i O)sing@sin@—i—Q(O _1>COSH
_h( cos 6 ewsin0>

2 \e*sinf  —cosf

Note B.1. The eigenvalues of S, are j:% with corresponding eigenstates:

Sp =

oS U

S

(0,09 = cos 5 ) 1) +sin(§ ) 1)

66,00 =sin( 5 ) 14) = cos(§ ) e 1)
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The 2-dimensional Hilbert space of the spin-1/2 system can be represented as a the points on the

surface of a sphere of radius 1 in 3-dimensional Euclidean space.

Definition B.1. [Bloch Sphere]

This representation is referred to as the Bloch Sphere, named after the Physicist Felix Bloch.

Let [¢') = S,[¢), which is another state in the 2-dimensional Hilbert space of the spin-3 system. What is
the relationship between |¢)) and |¢)')? Let’s consider the following example:

. h(0 1 1 h(o0 h
-3 )0)-10)-4

We see that up to a multiplicative factor of g the action of S, on the state |[+) rotates the state by an angle

7w about the z-axis. We can also consider another example:

! it o\ 1 (1N n1 (1) &
St =3 (0 —1) V2 <z> T2 <—z> =3l

We see again that the state [¢)) is a rotated version of the state |+), by an angle 7 about the z-axis.

B.1 Infinitesimal Rotation

We see that angular momentum operators “generate” rotations of states on the Bloch sphere. The rotation
axis is defined by the direction of the spin operator. The component of the state vector that is perpendicular
to the rotation axis rotates by mw. It is also possible to generate arbitrary rotations about any axis. To do
this we start by first constructing an operator that generates an infinitesimal rotation.

We begin by considering an infinitesimal rotation d¢ about the z-axis.

R(de) =1 — %s do (1)
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The matrix representation of R, (d¢) in the z-basis is

ido
N _ 1 0 idp (1 0O _ 1_7 0
wan= (3 1) -3 )= @
2

d
LetC:l—i—d).

We take the limit d¢ — 0

Therefore, we compute that

COS 9
Ro(d6) [ (6, 9)) = 199/ ((1) ?w) (bm( ()2)1¢>

__—id¢/2 (2)

—° sin(8) eité+da)
R.(dg) |4 (0,0)) = e 972 [ih, (0, ¢ + do)) (4)
R.(dg) [p—(0,¢)) = e "2 [y_(0, ¢ + do)) (5)

Discovery B.1. We see that up to an overall phase factor Rz(d¢) rotates the states |4 (6, ¢))

counterclockwise about the z-axis by an angle d¢.
The operator Ri(d¢) is the inverse of R.(d$) up to order O((de)?).
Ri(dg) =1+ 8. do (6)

A

We note that S, is a Hermitian operator, therefore S = S,.

R.(dg) Rl (d¢) = (11 - %s d¢) (n + %s dqs)

do 2
(Y
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As a result,

. AT
Jim R (d0) Ri(do) — 1.

Discovery B.2. In the limit that d¢ — 0, ]%l(d(ﬁ) produces a clockwise rotation by an angle d¢ about
the z-axis.

B.2 Angular Momentum as the Generator of Rotation

We can produce a larger rotation by an angle ¢, by applying Rz(aké) back-to-back a large number N times.

N—00

R iTol A \"
R.(¢)= lim (1—+|2]3, 7
To evaluate eq. (7), consider the Taylor series expansion of the following polynomial for /N < 1:

(1+x)N=1+x+1<N_1>:c2+ ! ((JV—l)(JV—Q))x3+___

N 20\ N 3! N2
In the limit N — oo, the above expression reduces to the following

. r\N 2 3 > pn N
dim (1) S lvar e = e ®)

n=0
. 19 .
If we replace the term z in eq. (8) by —ﬁsm then eq. (7) may be written as
s 1 (e L (Y a2, i (9) a3
Rio=14(8)5. 1 () 2 1 (2) .
— e~ i#S:/h (10)

The exponential of an operator may look a bit strange, however we can use the power series expansion form

of the exponential (eq. (9)) to evaluate its action on a state vector.

sy g i (2 e (9 g2 i () as
e l4+) = |1 z(h>52 2!(h> Sz+3!<h S+ |+)
Note B.2. .
sr1) = (23) 1
_iod, o\ h 1 (6N (B\® i [0\ (R’
=350 (7)) va(E) () o]
= e /2|4
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We see that if the exponential operator acts on an eigenvector of the operator in the exponent, then we

simply replace the operator by the corresponding eigenvalue.

eT0S= /M 4) = eI,
We can now see what happens when R, (¢) acts on the state [, (6, ¢)).
% —id8./h 0 AR
R.()[Y+(0,0)) =e = cos By [4+) + sin 3 e*?|-)

= |:COS(6> e 7024y 4 Sjn<9> ei¢/26i¢_>}
2 2
=e "0/ [COS(Z) |+) + sin(i) ei(¢+¢)|—>]

= R+ (0,0) = e 2 (0, 6+ ).

We see that up to an overall phase factor the operator Rz(gb) produces a rotation of the state by an

angle ¢ about the z-axis. Furthermore, Rz(gb) corresponds to an unitary operator:
R.($)Ri(¢) = e i05:/h gidS:/h _ q (11)
Rl(~9) = R.(9) (12)

Matrix representation of ]:?Z(qb) See the appendix at the end of the lecture for the derivation.

et 9S:/h = ﬂcos(?) _ 25 sin(¢> (13)

h 2

Discovery B.3. A 27 rotation of the spin-1/2 state vector does not reproduce the original state.

Rather, it produces the negative of the state.

Rz(d) = 277—) |¢+(67 ¢)> = e_iﬂ |¢+(97 ¢)> = |¢+(97 ¢)> .

A 47 rotation is required to recover the original state. This property of the quantum state of spin-1/2
particles is referred to as the “spinor” property.
We can make a correspondence with spinors and a Mobius strip.
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Comment B.1. We have said many times in this course that the overall phase factor of a quantum
state does not change the probability of measurement outcomes.

While strictly speaking this is true, it is also possible to measure this overall phase if we devise an
experiment that interferes two quantum states with different overall phase factors. Such an experiment
has been done using the technique of magnetic resonance. We will study how magnetic resonance works

when we discuss time-dependent quantum processes.

B.2.1 Additional A: Matrix Representation of the Rotation Operator

We seek to find a matrix representation of the rotation operator. I will use the following notation for the

operator S. in this derivation:

Q
n N
Il
~~
o =

|
-
~
N
o =
I
-
~
Il
N
S =
_= O
~—
Il

Now,

efidn‘;'z/h — o ib0=/2

2 . 3 4
]li<(§>0221!<(§> U—ergZ!(g) Ueri!(;ﬁ o

e 1 /N>, i [o\® 1
=1-i(5)e g (5) 1 (3) -
_ 1/\? 1 [(¢\" e 176N 1 (e\°
_ﬂ{1_21<2> +4!<2) +"'}_wz{2_3!<2 +5!(2) o

!
—  (2n+ 1)

_ (cos(gb/Q) — isin(¢/2) 0 )
0 cos(¢/2) + isin(¢/2)

e /2 0
- 0 ei/2 |
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B.2.2 Additional B: Generators of Infinitesimal Transformations

Operators corresponding to observables, such as angular momentum, linear momentum, position and energy
all generate transformations on states in Hilbert space.

Angular momentum, for example rotates kets. We will see later that the linear momentum operator
will produce translations, and the energy operator will produce a translation of states in time. We can build
continuous transformations by applying a series of infinitesimal transformations.

The infinitesimal transformation operator has the basic form
U(e) =1 —ieG

where G is a Hermitian operator corresponding to the particular observable in question, e.g., angular mo-
mentum, and € is the infinitesimal quantity, e.g., d¢ for the case of rotations.

There are two reasons for choosing U (e) to have this mathematical form. First, we require

lim U(e) = 1.

e—0

Second, U (¢€) should be unitary, that is, it should transform a state without changing its norm. Another way
of saying this is that it should conserve probability. We therefore require that UUT = 1.

UUT = (1 — ieG) (1 + ieGT)
=1 +ieG — ieG + 2G>

We see that terms of O(e) cancel. Neglecting terms of order O(e?), UUT = 1, as required.
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